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1 Areas of Surfaces of Revolution
Section 6.4

In problems 1 — 8 of this section you don’t have to evaluate the integral
by hand (most of them are not so easy). If you have a calculator that has
numerical integration then use it to get the answer. The TT 83 for example
has numerical integration. It is under . For example, to do f03 z?dx

using TT - 83 do: fnint(z? z,0,3) | Observe that the arguments

for fnlnt are: The function to be integrated, the variable of integration, the
lower limit , and the upper limit of integration.

If your calculator does not do definite integrals check if the integral can be
computed using the table of integration given at the end of the book. If you
don’t find the integral there then just leave the integral indicated.

To compute the numerical value of Problem 7 my advice is that you compute
the integral foy tant dt explicitly. If you don’t do that you probably would
need a more powerful calculator or a computer program like Mathematica or
Maple. For now it is ok to just leave the integral indicated.

The following problem is similar to Problem 7.

Problem 8. In this problem the graph of the function y = flz Vit —1dt
is revolved about the z-axis and we have to compute the surface area for x
between 1 and v/5. Notice the the function y is given as an integral so to
compute its derivative we will use the Fundamental Theorem of Calculus:



/

Yy =va?—1.

We will need /1 + y"? so let us compute it right now:

1+y?=1+*-1) =27

Ok, so

Vi+ty?=vat==zx
because x > 0.

The surface area is

V5 V5 z
52271'/ y\/l—i-(y’)?dx:%r/ :c/ V2 — 1dtdx (1)
1 1 1

At this point it would be ok to leave the integral indicated. But if we want
to complete the exercise then we look at the table T-2. Formula 37 that says

2
/\/x2—a2da:: %\/xQ—cﬂ—%ln|x—|—\/$2—a2|—|—0
Therefore,

v t 1 z 1
/ \/t2—1dx:5\/t2—1—§ln|t+\/t2—1| :g\/x2—1—§1n|x+\/x2—l|.
. 1

Substituting this into Equation 1 we obtain

V5
1
S:Qﬂ'/ x[gvﬁ—l—alnu%—vﬁ—lq dx.
1

Using a TI 84 T got 8.5469 as approximate answer. Please let me know if
there is a mistake.

Problem 10. This problem refers to a cone that is generated by a line segment
that rotates about the y-axis. The line segment is given by y = z/2 from
r =0 to x = 4. Observe that because the rotation is about the y-axis, we



will have an integral in the y direction. The y values will vary from y = 0
(that corresponds to x = 0) to y = 2 (that corresponds to z = 4). The
radius of rotation for every value of y is given by x = 2y. The formula for
the surface area to be used here is

2 2
S = 27?/ x (d_m) + 1 dy,
0 dy

where z = 2y. So we get

2
SZQ?T/ 201/ (2 + 1dy =
i Vv (2)

As explained in class, the surface area of a right circular cone is given by
mRI, where R is the radius of the base and [ is the slant height (the distance
from the vertex to any point on the border of the base). For the cone of
this problem R is the x value when y = 2, that is 4, and [ is computed by
Pythagorean theorem as the hypothenuse of a right triangle with legs 2 and
4. Therefore, I = /20 = 2v/5. It follows that the surface area of the cone is
7 -4-2v/5 = 87v/5 which is the same answer we obtained by integration.

We have finished the problem.

5.4 =81V5.

Problem 14 Here the radius of rotation for each value of = is y = y/z. The
formula for the surface area to be used here is

_%/15/4 / 1+ da: (2)

where y = /. At this point we all should now cold that (1/z)" = ﬁ because
we have computed it several times. Therefore,

— 1 dr +1 1 /1+4x
1 ,2: 1 _— = = = .
Ty \/+4x \/ 4x 2

T

Substituting into Equation 2 we obtain

15/4 144 15/4
_27T/ + Idxzﬂ V14 4x dx.
Zz 3/4



For the last integral we use the substitution v = 1+4z; du = 4dx; u(3/4) =
4; u(15/4) = 16. Then
ut2 6 56w 28w

16 du
— Rk 4- =T
S=m Vi 13/214 6[6 ==

We have finished the problem.

Problem 18 In this problem we will experience a situation when the function
is negative and therefore the radius of rotation is not the function given
but its opposite value. You may not notice this at first and you start doing
computations as usual. At the end you will get a negative value for the surface
area. This of course does not make sense and is a sign that something went
wrong. It is convenient to graph the function first to see if some adjustments
need to be made to the regular formulas.

[ will solve the problem mechanically (making a mistake) and at the end I
will fix the answer.

The formula for the surface area to be used here is

—27?/ ,/ +1dy, (3)

where z = (1/3)y*?—y'/2. (Here is the mlstake because the radius of rotation
in this case is not x Wthh is negative, but —z )

dx

1
d_y _ (1/2)y1/2 B (1/2)?/_1/2 _ 5 [yl/Z B y_l/ﬂ
dz\’ 1 1 1 IEEN RV SN yier:
(d_y) _|_1_Z[y—2—|—y +4}—Z[y+2+y }—Z[?J +y 7
Hence,

dr\? 1
ar 1 = = [1/2 -1/2]
(dy> " 2 ey

Substituting into Equation 3 we obtain,
3 1 - 3
S = 27?/ ((/3)y™2 =y %) (2 +y™7%) dy = 7r/ [(1/3)y*+(1/3)y—y—1] dy
1 1
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= [ /331 dy = 7/~ (/3 ]} = [-3-—Im =

BUT WAIT! The surface area cannot be negative. Therefore a mistake has
been made. Fortunately in this case the mistake is just a sign due to the fact

that the given function is negative. We just need to change the sign. The

38
correct answer to the problem is then 5

We have finished the problem.

2 Moments and Centers of Mass
Section 6.7

Problem 8. When the density is constant the center of mass does not depend
on the density (and it is called the centroid). Therefore we can assume that
the density is 1. If we draw the region we see that it is symmetric with respect
to the y-axis (indeed, the function sec? z is even so its graph is symmetric
with respect to the y-axis, and the interval —7/4 < z < /4 is also symmetric
with respect to the y-axis). Therefore, the centroid lies on the y— axis. This
means that © = 0 and we need to compute just 7.

/4 ~
_ M, f_7/r/4 ydm
y = — = —
w/4
M ffﬂ'/4 dm
In this problem g = # and dm = dA = sec® x dz (we are assuming § = 1).

Let us compute the parts. The mass is easier to compute:
w/4

M = sec’? xdr = tanx
—7/4

w/4
—1-(-1) =2

—7/4

For the second one the knowledge of the trigonometric identity sec’?z =
tan?z + 1 and some experience with integration will help:

w/4 2 1 w/4
M, = 2 T se?zdr = = / (tan®z + 1) - sec® z dx.
—7/4 —7/4
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We apply the substitution u = tanz; du = sec® x; u(—7/4) = —1; u(n/4) =
1 to obtain

Mx:/1(u2+1)du:2/1(u2+1)du:(u3/3+u) ;: 1/34+1=4/3.

Sog =2 =2/3
The answer is: The center of mass (centroid) is the point (0,2/3).

Problem 12. First we graph the region. We have to find the points of inter-
section of the two parabolas. So we solve the equation 22 — 4x = 22 — 2.
This is equivalent to 3xz? —6x = 0 or z(z —2) = 0. The solutions are z = 0,

and z = 2 (the correspondent y values are both zero).

Observe that the axis of symmetry for each of the two parabolas is the
line z = 1 ( use the formula z = —b/(2a) from algebra). So the region is
symmetric with respect to the line x = 1. This implies that T = 1 and we
need to compute just 3.

Recall that dm = dA because we assume 0 = 1. In this case dA = (top —
bottom) dr = [(2z — z?) — (22% — 42)] dv = (—3z* + 6x) dx.

202 — 4x) + (20 — %) a?
LRI R N

2 2
M = / (=32% +6x)dr = (—2° +32%)| = -8+ 12 =4.
0 0

2 2 /02 1 [?

M,= [ jdm= / — —x ) (=32°+6x)dx = —/ (2* — 2z) (—32°+62) dx
0 0 2 2 Jo
2

1 1 196
= —/ 301 +122° 1227 dw = = [—(3/5)a® + 3a* — 42°]? = Z(—=448-32) = —1.6
2 Jo 2 0 2% 5
M, -16
J=—r=——=-04
DM T T a

The answer is: The centroid is the point (1, —0.4).



Problem 18. In this problem the density 0 is variable but depends only on
one variable. The students who are struggling with the course may skip the
problems with variable density and concentrate in the problems that ask for
the center of mass when the density is constant. If the density depends on
two variables then the computation of the center of mass requires double
integrals that are studied in Calculus III.

L (@)

(b) Because the density is variable we cannot assume that it is equal to 1.
We compute the parts that we need to compute the center of mass of the
thin plate:

4 A 1
— _Ar(=—1)=3
. 7r(4 ) T

2 2
dm = 0dA = —dr = —=d
m \/EJj x Nz x

=4(2-1) =4

4
1

4 49
M:/dm:/—dxzél\/E
1 1 VT

M, = 4~d— 412d— 42d—24‘3/2d
x_lym—1;ﬁ$—lmx— 1513 X

et T
— Az = —4(1/2-1)=2.
1

4 T 4 9 4g
M, = idm:/ x—dxz?/ $1/2dx:2-§-x3/2 25(8—1)228/3.
1 1 1

The answer is: The center of mass of the plate is the point (%, %)



Problem 2. This problem is based on Problem 21. Please do Problem 21
first. Then the answer to Problem 24 is immediate:
a a



3 Integration by Parts
Section 7.1

Problem 6. To compute [ = / 23 Inz dz by parts we have to decide which

1
part is going to be u and which dv. Since the integral of Inz is something
more complicated than In z the choice must be:

uw=Inx dv = 23 dx
1 x?

du = 1 -

u=dr v

We get

e ext1 et €3 et xtie et et 1 et — 1
— ——dr=—| —do=———|=————— | = )
1 ) 4z 4 J; 4 4 1611 4 16 16 16

Problem 10. 'To compute [ = /43: sec? 2z dx = 4 / x sec? 2z dr we can use

4

xXr
[=lnz=—
nx4

u==x dv = sec? 2z dx
tan 2
du = dx V= an=r
2
So ) )
tan 2z tan 2z
[=4 —
{x 5 / 5 dx]

At this point of the course you should have computed the integral of tanz
more than once and you should know why [ tanudu = —In|cosu|+C. From
here with the help of a simple substitution you should be able to figure out
that

1
/tan (2x)dx = —3 In|cos2x| + C.

Therefore,

tan 2 1 tan 2 1
1:4{37 al;x—§/tan(2x)dx}:4{x ar;x+zlln]0082x] +C

9




that simplifies to

I =2z tan (2z) 4 In | cos (22)| + C.

Problem 1. To compute [ = /(7’2 + 7+ 1)e" dr we will need to integrate

by parts a few times. The natural choice for u is the polynomial 72 + 7 + 1.

u=r>+r+1 dv =e"dr
du= (2r+1)dr v=c¢"
[:(r2+r—|—1)er—/(2r+1)e’"dr:(r2+r+1)e’”—J, (4)

where J = [(2r + 1)e"dr.
To compute J we use
u=2r+1 dv = e"dr

du = 2dr v=-c¢"

So

J:(2r+1)er—/26rdr:(2r+1)er—26T+C’:eT(2T—1)+C’. (5)

Putting (4) and (5) together we get

I=("+r+1)e —J=*+r+1)e —e'(2r—1)+C=¢" [r* —r+2]+C.

Problem 26. As you probably noticed your success in integration de-
pends heavily on your algebra skills. In this problem you are asked to
do a substitution before you do integration by parts in order to compute
I= fol In (z 4+ 2?) dx . However, no substitution seems to improve the looks
of the integral the way it is now. Here is where we can use our algebra and
precalculus knowledge. We can rewrite

In(z+2*) =In(z(r+1)=Inz+In(z+1).

10



The integral of Inx was done in class and is also Example 2 in the book.
/lnxdq::xln:c—x—l—c

For the integral of In (z + 1) we can do a simple substitution u = z+1; du =
dz.

/ln (x+1)dx = /ln (u)du =u Inu—u+C = (z+1) In (z + 1)—(z+1)+C.

So
I =z Inz—a+(2+1) In(z + 1)—(2+1)+C = = Inz+(2z+1) In (z + 1)—22—14+C.

There are many ways in which the answer can be rewritten. For example
—1 + C' is basically the same as C' because C' is an arbitrary constant. Also

rlnz+zn(z+1) =z (z(x+1)) =z (2> +2).
So the answer can be written as
I=zln(2*+2)+In(z+1)+C.

There is actually another way of writing the answer so that it uses only one
logarithm:
I=In((z"+2)"(z+1))+C.

Problem 40. To integrate I, = [ 2™sinz dx by parts we use

u=z" dv = sinz dzx

du = nx" Vdx V= —COoSZ

and get

I = —a" cos m—/(— cosz)nz" 't dr = —a" cos x—l—n/(cos r)a" ' dr = —a" cos x+nl,_dx.

11



4 Trigonometric Integrals
Section 7.2

Problem 6. Because the exponent of the cosine is odd the substitution
u = sint; du = costdt; u(0) = 0; u(f) =1 must work. From cos’¢ one
cosine is used for du and the six remaining can be expressed in terms of sine
as follows:

cos’t = (cos?t)® = (1 — sin®t)>.
We will also need the formula to expand the cube of a binomial: (A+ B)? =
A3+ 3A2B + 3AB? + B3. So we have

/2 1 1
/ 7cos7tdt:7/ (1—u2)3 duz?/ (1—3u2—|—3u4—u6) du
0 0 0

3 ek 3 1 21 16
7[u U +5u 7}0 7( + 5 5

Problem 12.  Now the exponent of the sine is the one that is odd.

Let w = cos2z; du = —2sin2zdzr; u(0) = 1; u(m) = 1. Observe that we
have a very special circumstance here. Namely, the two limits of integration
after the substitution are the same! ( u(0) = 1; u(m) = 1). Therefore the
answer to the problem is 0 and in principle we don’t have to perform any
computations. However, for the sake of practice let us compute the indefinite
integral.

1 1 1u?
/sin 27 cos® 2x dr = —5/0082 20 (—2sin2x) dx = —3 /u2 du = —3 %—i—C

B 100832x+0_ cos® 2x

C
23 6

Observe that if we were to solve the original problem by evaluating the an-
tiderivative —@ from 0 to m we would obtain 0 because the antiderivative
has the same values at 0 and at 7.

Problem 18. Here we have to use a trigonometric identity to turn the
radicand ( the expression inside the radical) into a perfect square so that the
square root gets eliminated. The appropriate identity is

1 — cos® 260 = sin®26.

12



When we eliminate the square root we have to be very careful with the signs.
It is not true that v x? = x in general. If x is negative then vx? is actually
—z. In general, vVa? = |z|.

In our problem we need to simplify Vsin? 6, where é varies from 0 to 7. In
this interval the sin @ is nonnegative. Therefore, V'sin®# = sin 6.

/ \/1—C0829d0:/ \/sin2€d9:/ sinfdf = —cosd| = —(—1-1)=2.
0 0 0

0

Problem 28.  For this problem we need to keep in mind the relationships
between cscx and cotx in terms of derivatives and identities. It would be
useful to know that csc?>z = 1 + cot?z and that (cotz) = —csc?z. In
our integral we have the fourth power of csca ( for the angle x = ¢). The

2
substitution that will work is

1
u= Cotg; du = —3 CSCdiQ; u(m/2) =1; u(w) =0.

/3CSC4€d€:3/ CSC4Qd9:3/ CSCQQCSCQQdQ

“ , 0 1,0 o w3’
=3(-2) l+cot= ) |—=csc” =) dd=—6 [ (1+u*)du=—6|u+ —| =38

13



5 Trigonometric Substitutions
Section 7.3

Problem 6. The key expression in the integral is v/1 — 422. To find the
appropriate substitution we produce a right triangle with hypotenuse 1, and

legs 22z and /1 — 422
r=1isinf; dr=3cosfdb
/ /1 — 422 = cosf
Vv 0 = sin~*(22); 0(0) = 0; e(ﬁg) =1

NE

/f 2dr (7 cosfdf _/’4’ o —
0 V1 — 412 o cosf 0
Problem 8. For this problem the hypotenuse is 1 and the legs 3t and

V1 — 9¢? respectively.

t = %sine; dt = %cos@d@
/ T V1T =92 = cosh

Visor 0 = sin*(3t)

N 1 1 /1 20 11 in 20
/ 1—9t2dt:5/00829d9:§/—+(;08 dezg.é{g_i_smz 14_0

= % [0 4 sinf cos ] + C = é [sin’1(3t) +3tv1— 9152} +C.

Problem 14. Now the hypotenuse is x. We know that because the minuend
in the radicand is z2.

r =secH; dx =secOdtantdb
/ VSN a1 = tand

) 0 = sec™!(x)

14



2d 0 tan 6 do in 20
/—I:2 w:2/00529d9:9+sm +C
x3y/x? — 1 sec? 0 tan 0
-1 1 21
:9+Sin90059+C:sec_lx+x—._+C:SQC—1x+$—2+C_
x x x

Problem 30. Let x = €', doz = e'dt; z(In(3)) = 2; 2(In(3)) = 3. Then

; /lné‘ et dt /3 dz
ey @renE Sy arad)d

Now we apply a trigonometric substitution

i r =tanf; dr =sec®0df
’ V1+ 22 =sect

) 0 = tan"!(x)
For the moment let us say that tan™(2) = a and that tan~'(3) = b. Then

b2 b b b
I:/ M: d_H_/ cosfdf =sinf| =sinb — sina.

sec36 . secl a

To simplify the last expression it is convenient to use a right triangle (the
3,4, 5 right triangle)

We see that b =tan™' 3;  sinb =%
5 4 . . 1 . 3
Likewise, a = tan™" §; sina = £

3 Therefore, I = % - L

5

(SIS [N
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6 Partial Fractions
Section 7.4

Problem 2.  We factor the denominator as
2? —=3r+2=(z—-2)(z—1).
Then according to the general recipe

S5ve—7 A N B Alx—1)+ B(r —2)
2 -3rx+2 -2 x-1  (z-2)(z—-1)

Equating the numerators we get

br —7=A(x—1)+ Bz — 2). (6)
To determine the (undetermined) coefficients A, B we plug into Equation 6
nice values of x, namely z =1 and x = 2.
With z = 2 we obtain: 3=A; Withz =1 we get: —2=—Bso B =2.

The answer is:
Sr — 7 3 2

x2—3x+2:m—2+x—1'

Problem 12.  Factoring the denominator and following the general recipe
we have:

20 +1 A B
Y s S - d dr = Aln|z—6|+Bln|z—1|+ K
/x2—7x+12 v /x—6 vty 4 = Alnfe—6FBlnfe-1+ K,

where the coefficients A and B are going to be found next, and K is the
constant of integration.

20+1 A N B Az —1)+ B(x —6)
22—Tr+12 -6 -1  (z—1)(z—6)

S0
204+ 1=A(x — 1)+ B(x — 6).

Setting r = 1 we get 3 = —5B, and setting x = 6 we get 13 = 5A. Therefore,
A= % and B = —%.

16



The answer is
13 3
I= Eln|m—6| —gln|x—1|+K,

where K is the constant of integration.
Problem 20. The denominator can be factored further.
(z—1)(@*+22+1)=(z—1)(z+1)>

Observe that (z + 1)? should be seen as the linear factor (z + 1) with multi-
plicity 2 and therefore it gives rise to two partial (elementary) fractions.

7 A N B N C  Al+1P2+Bl-1)(z+1)+Cxz—1)
(z—1)(z+1)2 -1 2+1 (x+1)2 (x —1)(z +1)2
where A, B, C' can be found from the identity
> =Alx+1)*+ Bz —1)(z+1)+C(z —1). (7)

Setting x = —1 we get 1 =—-2Cso C = —%. Setting z = 1 we get 1 =4A
so A=1.

To find B we compare the coefficients of z2. The right hand side expanded
contains Az? and Bx? as the only terms with 22 in them. Therefore, 1 =

A+Bfr0mwherewegetle—Azl—i:Z.

x? A B C
/(.7:—1)(952+2x—|—1)dx_/x—ldx+/x+1dx+/(a:+1)2dx

C
xT

where A, B, C' are the constants found above and K is the constant of inte-
gration.

Problem 36. To compute
I:/e4t+262t—et u
et +1

we first do the substitution u = ef; du = e* dt Observe that the numerators
of the integrand factors as ef(e 4 2¢* — 1). Hence,

ud +2u—1
I= ) — du.
/ u? 41 “

17



The integrand is not a proper fraction. We do a long division to obtain

w4+ 2u —1 +u—l
_— =
w2 +1 u?2 +1

( actually if you think cleverly you don’t really need to do the long divi-
sion. Just observe that if you multiply the denominator u? 4+ 1 by u you get
something close to the numerator, u — 1 being the remainder. )

Observe now that 52—;11 is a partial fraction itself ( linear over quadratic not

factorable). Let us compute its integral first.

u—1 B u 1 1 9 _1
/u2+1du—/u2+1du /u2+1du—21n(u +1) —tan™" (u) + C.

Putting things together,

u—1 u? 1 ) o
I:/(u+u2+1)du:—+§ln(u +1) —tan™ " (u) + C
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