
College Geometry
The Z–Theorem. More on Betweenness

I Theorem
(The Z-Theorem) Let ` be a line and A,D two distinct points on

`. If B and E are on opposite sides of ` then
−→
AB ∩

−→
DE = ∅.

I Theorem
Let A,B,C be three noncollinear points. Let D be a point on

←→
BC .

Then D is between B and C if and only if
−→
AD is between

−→
AB and−→

AC .

I (⇒) Let C ? D ? B. Then C and D are on the same side of
←→
AB and, likewise, B and D are on the same side of

←→
AC . It

follows that D is in the interior of ∠BAC . Consequently,
−→
AD

is between
−→
AB and

−→
AC .

I (⇐) Use the fact that of three distinct collinear points only
one is between the other two.
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College Geometry
More on Betweenness

I Lemma
Let A,B,C ,D be four distinct points such that C and D are on

the same side of
←→
AB and D is not on

−→
AC . Then either C is in the

interior of ∠BAD or D is in the interior of ∠BAC .
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College Geometry
Betweenness Theorem for Rays

I Theorem
Let A,B,C ,D be four distinct points such that C and D are on

the same side of
←→
AB. Then µ(∠BAD) < µ(∠BAC ) if and only if

−→
AD is between

−→
AB and

−→
AC .

I Definition
Let A,B,C be three noncollinear points. A ray

−→
AD is called an

angle bisector for ∠BAC if D is in the interior of ∠BAC and
µ(∠BAD) = µ(∠DAC ).

I Theorem
Let A,B,C be three noncollinear points. Then there exists a
unique angle bisector for ∠BAC .
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Nelson Castañeda Central Connecticut State University



College Geometry
Betweenness Theorem for Rays

I Theorem
Let A,B,C ,D be four distinct points such that C and D are on

the same side of
←→
AB. Then µ(∠BAD) < µ(∠BAC ) if and only if

−→
AD is between

−→
AB and

−→
AC .

I Definition
Let A,B,C be three noncollinear points. A ray

−→
AD is called an

angle bisector for ∠BAC if D is in the interior of ∠BAC and
µ(∠BAD) = µ(∠DAC ).

I Theorem
Let A,B,C be three noncollinear points. Then there exists a
unique angle bisector for ∠BAC .
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College Geometry
Crossbar Theorem

I Theorem
Let A,B,C be any three noncollinear points and D any point in
the interior of an angle ∠BAC . Then there exists a point G such

that
−→
AD ∩ CD = {G}.
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College Geometry
Linear Pairs

I The angles ∠DAB and DAC are said to form a linear pair if

the rays
−→
AB and

−→
AC are opposite rays.

I Theorem
If ∠DAB and DAC form a linear pair then
µ(∠DAB) + µ(∠DAC ) = 180.

I Lemma
Let C ? A ? B and D a point in the interior of the angle ∠BAE .
Then E is in the interior of the angle ∠DAC .
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College Geometry
Perpendicular Lines

I We say that lines ` and m are perpendicular if there exists a
point A ∈ ` ∩m, a point B ∈ ` and a point C ∈ m such that
∠BAC is a right angle.

I Perpendicular bisector is defined as usual.

I Theorem
(Existence and Uniqueness of Perpendicular Bisectors)
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Nelson Castañeda Central Connecticut State University



College Geometry
SAS

I Definition of congruent triangles.

I (Side – Angle – Side Postulate) Let 4ABC and 4DEF be
any triangles such that AB ∼= DE ,AC ∼= DF , and
∠BAC ∼= ∠EDC then 4ABC ∼= 4DEF .

I SAS fails in taxicab geometry.

I Theorem
(Isosceles Triangle Theorem) Let 4ABC be any triangle such that
AB ∼= AC then ∠ABC ∼= ∠ACB.
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