
Real Analysis II
Metric Spaces

I Definition
Let X be a set and ρ : X × X −→ R. We say that ρ is a metric on
X if it satisfies

1. ρ(x , y) ≥ 0 for all x , y ∈ X .
2. ρ(x , y) = 0 if and only if x = y .
3. ρ(x , y) + ρ(y , z) ≥ ρ(x , z) (triangle inequality)

I (X , ρ) is called a metric space.

I Every normed linear space (X , || · ||) is a metric space with the
metric ρ(x , y) = ||x − y ||.

I Let (X , ρ) be a metric space, x ∈ X , and r be a positive
number. The (open) ball of radius r centered at x is the set
B(x , r) = {y ∈ X

∣∣ ρ(x , y) < r}.
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Real Analysis II
Open Sets in Metric Spaces

I Let (X , ρ) be a metric space.

I O ⊆ X is called open if for every x ∈ O there exists r > 0
such that B(x , r) ⊆ O.

I Finite intersections of open sets are open sets.

I Arbitrary unions of open sets are open sets.

I ∩∞n=1(1− 1/n, 1 + 1/n) = {1} is not open in R.
I ∅,X are open subsets of X .

I Open balls are also open subsets of X .

I O is called a (open) neighborhood of x if O is open and
contains x .
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Nelson Castañeda Central Connecticut State University



Real Analysis II
Open Sets in Metric Spaces

I Let (X , ρ) be a metric space.

I O ⊆ X is called open if for every x ∈ O there exists r > 0
such that B(x , r) ⊆ O.

I Finite intersections of open sets are open sets.

I Arbitrary unions of open sets are open sets.

I ∩∞n=1(1− 1/n, 1 + 1/n) = {1} is not open in R.
I ∅,X are open subsets of X .

I Open balls are also open subsets of X .

I O is called a (open) neighborhood of x if O is open and
contains x .
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Real Analysis II
Closure, Closed Subsets

I Let (X , ρ) be a metric space.

I Let E ⊆ X and x ∈ X . We say that x is a point of closure of
E if every neighborhood of x contains at least one point from
E .

I If x ∈ E then x is a point of closure of E .

I The closure of E is the set E of all points of closure of E .

I The closure of B(x , r) is the closed ball

B(x , r) = {y ∈ X
∣∣∣ ρ(x , y) ≤ r}.

I E is called a closed subset of X if E = E .
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Nelson Castañeda Central Connecticut State University



Real Analysis II
Closure, Closed Subsets

I Let (X , ρ) be a metric space.

I Let E ⊆ X and x ∈ X . We say that x is a point of closure of
E if every neighborhood of x contains at least one point from
E .

I If x ∈ E then x is a point of closure of E .

I The closure of E is the set E of all points of closure of E .

I The closure of B(x , r) is the closed ball

B(x , r) = {y ∈ X
∣∣∣ ρ(x , y) ≤ r}.

I E is called a closed subset of X if E = E .
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Real Analysis II
Closed Subsets

I (X , ρ) = a metric space.

I ∅,X are closed subsets of X .

I The closed balls are closed subsets of X .

I E = E .

I Therefore, the closure of any set is a closed set.

I The closure of a set E is the smallest closed subset of X that
contains E .

I Finite unions of closed sets are closed sets.

I Arbitrary intersections of closed sets are closed sets.

I ∪∞n=3[1/n, 1− 1/n] = (0, 1) is not closed in R.
I A set E is closed if and only if E ′ = X \ E is open.
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Real Analysis II
Convergence and Completeness

I (X , ρ) – Metric Space. {xn} – a sequence in X .

I We say that {xn} converges to x ∈ X if for every ε > 0 there
exists N such that ρ(xn, x) < ε whenever n ≥ N.

I xn → x if and only if ρ(xn, x)→ 0.

I {xn} is called Cauchy if for every ε > 0 there exists N such
that ρ(xn, xm) < ε whenever n,m ≥ N.

I Convergent sequences are Cauchy.

I If every Cauchy sequence converges the space is said to be
complete.

I x is a point of closure for a set E ⊆ X if and only there is a
sequence in E that converges to x in X .
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Real Analysis II
Continuous Mappings Between Metric Spaces

I (X , ρ), (Y , σ) – two metric spaces. f : X −→ Y a mapping.

I f is said to be continuous at x ∈ X if for every ε > 0 there
exists a ball B(x , r) ⊆ X such that f (B(x , r)) ⊆ B(f (x), ε).

I f is said to be continuous if it is continuous at every point x
of X .

I Proposition

f is continuous at x if and only if for every sequence {xn} that
converges to x in X the corresponding sequence {f (xn)} converges
to f (x) in Y .

I Proposition

f is continuous if and only if for every open subset O of Y its
preimage = f −1(O) is an open subset of X .
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