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Part I:
To show that algebra
dominates the present
curriculum



Although our students encounter difficulties
with many aspects of mathematics, many
observers of educational policy see Algebra
as a central concern. The sharp falloff in
mathematics achievement in the U.S. begins
as students reach late middle school, where,
for more and more students, algebra course
work begins. Questions naturally arise about
how students can be best prepared for entry
into Algebra.

These are questions with consequences, for
Algebra is a demonstrable gateway to later
achievement.

(Final Report, National Mathematics
Advisory Panel, 2008, xiii.)



Table 1: The Major Topics of School Algebra
(Connecticut Algebra One for All in red)

Symbols and Expressions

* Polynomial expressions

* Rational expressions

* Arithmetic and finite geometric series

Linear Equations

* Real numbers as points on the number line

* Linear equations and their graphs

* Solving problems with linear equations

e Linear inequalities and their graphs

* Graphing and solving systems of simultaneous linear equations
Quadratic Equations

* Factors and factoring of quadratic polynomials with integer coefficients
« Completing the square in quadratic expressions

* Quadratic formula and factoring of general quadratic polynomials

* Using the quadratic formula to solve equations

Functions

* Linear functions

* Quadratic functions—word problems involving quadratic functions

* Graphs of quadratic functions and completing the square

* Polynomial functions (including graphs of basic functions)

e Simple nonlinear functions (e.g., square and cube root functions; absolute
value; rational functions; step functions)

« Rational exponents, radical expressions, and exponential functions
* Logarithmic functions

* Trigonometric functions

* Fitting simple mathematical models to data

Algebra of Polynomials

* Roots and factorization of polynomials

» Complex numbers and operations

* Fundamental theorem of algebra

* Binomial coefficients (and Pascal’s Triangle)

* Mathematical induction and the binomial theorem

Combinatorics and Finite Probability

« Combinations and permutations, as applications of the binomial theorem and
Pascal’s Triangle




Table 2: Benchmarks for the Critical Foundations

Fluency With Whole Numbers

1) By the end of Grade 3, students should be proficient with the addition and
subtraction of whole numbers.

2) By the end of Grade 5, students should be proficient with multiplication and
division of whole numbers.

Fluency With Fractions

1) By the end of Grade 4, students should be able to identify and represent
fractions and decimals, and compare them on a number line or with other
common representations of fractions and decimals.

2) By the end of Grade 5, students should be proficient with comparing fractions
and decimals and common percent, and with the addition and subtraction of
fractions and decimals.

3) By the end of Grade 6, students should be proficient with multiplication and
division of fractions and decimals.

4) By the end of Grade 6, students should be proficient with all operations
involving positive and negative integers.

5) By the end of Grade 7, students should be proficient with all operations
involving positive and negative fractions.

6) By the end of Grade 7, students should be able to solve problems involving
percent, ratio, and rate and extend this work to proportionality.

Geometry and Measurement

1) By the end of Grade 5, students should be able to solve problems involving
perimeter and area of triangles and all quadrilaterals having at least one pair of
parallel sides (i.e., trapezoids).

2) By the end of Grade 6, students should be able to analyze the properties of two-
dimensional shapes and solve problems involving perimeter and area, and analyze
the properties of three-dimensional shapes and solve problems involving surface
area and volume.

3) By the end of Grade 7, students should be familiar with the relationship
between similar triangles and the concept of the slope of a line.

(Final Report, National Mathematics Advisory Panel, 2008, 16.)




Sample Item from Connecticut Academic Performance Test
(CAPT)

A farmer has two grain silos. both shaped like right circular cylinders. with dimensions shown in
the diagrams below.
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a. How much greater is the volume of Silo B than the volume of Sile A? Show your work or
explain how you found vour answer.

b. The farmer has the same amount of grain stored in each of the two silos. Silo A is filled to the
top. What is the height. in feet, of the level of the grain in Silo B? Show vour work or explain
how you found your answer.



ACCUPLACER Elementary Algebra Test

Operations with integers and rational numbers, and
includes computation with integers and negative rationals, the
use of absolute values, and ordering.

Operations with algebraic expressions using evaluation
of simple formulas and expressions, and adding and subtracting
monomials and polynomials. Questions involve multiplying and
dividing monomials and polynomials, the evaluation of positive
rational roots and exponents, simplifying algebraic fractions, and
factoring.

Solution of equations, inequalities, word problems.
solving linear equations and inequalities, the solution of quadratic
equations by factoring, solving verbal problems presented in an
algebraic context, including geometric reasoning and graphing,
and the translation of written phrases into algebraic expressions.

ACCUPLACER College Level Math Test

The College-Level Mathematics test assesses from intermediate
algebra through precalculus.

Algebraic operations includes simplifying rational
algebraic expressions, factoring, expanding polynomials, and
manipulating roots and exponents.

Solutions of equations and inequalities includes the
solution of linear and quadratic equations and inequalities,
equation systems and other algebraic equations.

Coordinate geometry includes plane geometry, the
coordinate plane, straight lines, conics, sets of points in the
plane, and graphs of algebraic functions.

Applications and other algebra topics ask about complex
numbers, series and sequences, determinants, permutations and
combinations, fractions, and word problems.

Functions and trigonometry presents questions about
polynomials, algebraic, exponential, logarithmic and trigonometric
functions.



Prerequisite Structure of Courses
Leading to Calculus

Central Connecticut State University

Placement | Elementary Algebra (0 credit)
Level 1
Placement | Intermediate Algebra (3 credits)
Level 2
Placement | Trigonometry |Pre-Calculus | Applied
Level 3 (3 credits) with Calculus for
Pre-Calculus Trigonometry |Business and
(3 credits) (4 credits) Economics
Placement | One of these Calculus courses: (3 credits)
Level 4 Calculus I Applied
(4 credits) (for Engineering
mathematics, Calculus
science, & (3 credits) for
engineering technology
majors) majors




Ann Arbor High School Mathematics Curriculum

ca. 1956

9" Grade Algebra 1

10" Grade Plane Geometry

11" Grade Algebra 2

12" Grade Solid Geometry Trigonometry

Accelerated Curriculum after the introduction of
Advanced Placement Calculus (post Sputnik-1957)

9" Grade Algebra 1 Algebra 2a
10" Grade Plane Geometry Solid
Geometry
11" Grade Algebra 2b+ Trigonometry+
12" Grade Advanced Placement Calculus




College Entrance Examination Board
Commission on Mathematics report (1959)
recommended that solid geometry should
occupy approximately one-third of the tenth
grade course.

“In fact, the actual result was the removal of
solid geometry as a special course and the
cursory addition of a limited amount of solid
geometry—usually in the last chapter of
textbooks.”

(Sinclair, 2008, page 59)



Passage from Sinclair (2008, p. 47) read out
loud, explaining how geometry became
marginalized in the mid 20" century in the
mathematics community.

... as research in geometry declined, the
importance of teaching geometry in graduate
programs also declined....

Over time, the decline of geometry in the
universities reached the point where algebra and
analysis became the core of the undergraduate
curriculum.... By the 1960s geometry was largely
relegated to being a service course for future high
school teachers. The marginalized place of
geometry in the curriculum was well reflected by
the development of the AP program in 1955.
Initially sponsored by the Ford Foundation and
designed to develop rigorous, college-level course
curricula and assessments for high school students,
the AP program has never, to this day, included an
advanced placement geometry test.



Part 11:
To show WHY we should
make room for geometry



Broadly speaking ... geometry is that part of
mathematics in which visual thought is
dominant whereas algebra is that part in
which sequential thought is dominant. This
dichotomy is perhaps better conveyed by the
words ‘insight’ versus ‘rigor’ and both play
an essential role in mathematical problems.

The educational implications of this are clear.
We should aim to cultivate and develop both
modes of thought. Itis a mistake to
overemphasize one at the expense of the
other and I suspect that geometry has been
suffering in recent years.

(Michael Atiyah, 1982, in Pritchard, ed.,
2003)



2009 NCTM Yearbook:

Understanding Geometry for a Changing World
Part One: Expanding Visions of Geometry

Chapter 1: What is Geometry? Joseph Malkevitch (City University of New
York—York College) introduces the reader to problems contemporary geometers
are studying. He then gives a historical overview of how geometry has evolved
since the time of Euclid and suggests that an expanded definition of the subject is
appropriate. In particular, he looks at the concept of distance and how it has
evolved to include applications such as the taxicab metric, pattern recognition, and
error correction. He concludes with an elegant proof of the “Art Gallery” problem
posed at the beginning of the chapter.

Chapter 2: Enumerating Symmetry Types of Rectangle and Frieze
Patterns: How Sherlock might have done it. Doris Schattschneider (Moravian
College, emerita) develops the notion of symmetries of rectangles and frieze
patterns. She explains how a careful analysis of the underlying transformations
can be used to show that there are exactly five symmetry types for decorated
rectangles and seven symmetry types for periodic frieze patterns. In the latter
case she demonstrates that of the 16 potential combinations of patterns with
various symmetries, nine can be eliminated leaving only the seven that are actually
possible.

Chapter 3: Mobius Concepts: Strips and Tori. Yuichi Handa (California State
University—Chico), David A. James (University of Michigan—Dearborn), and
Thomas Mattman (California State University—Chico) present the topic of Mobius
strips and tori as one that is accessible and engaging for students at many levels.
They describe hands-on activities that enable students to discover the unusual
properties of these topological curiosities. In addition, they show how artists and
architects have incorporated Mobius concepts in their work.



Chapter 4: Exploring Curvature with Paper Models. Howard T. Iseri
(Mansfield University of Pennsylvania) shows how the concept of curvature can
be demystified by using an approach that can be traced back to René Descartes
(1596-1650) and can be made intuitive for students. Paper models are used to
develop the concept and to lead the student to discover how the sum of the
interior angles in a triangle differs from 180° in non-Euclidean geometries.

Chapter 5: Prairie Plants: Exploring Fractal Forms in Nature. Dane Camp
(New Trier Township High School, Winnetka, IL) and Erich Hauenstein (College
of DuPage) demonstrate that fractal geometry can be used to produce images
closely resembling plants found in nature. This can be accomplished through
hand drawings and by a computer or calculator program based on
transformational geometry and iterated function systems (IFS). The hand drawing
technique can be used with students as early as sixth grade whereas the IFS
method is appropriate for students at the pre-calculus level.

Chapter 6: Folding Polygons to Convex Polyhedra. Joseph O’Rourke (Smith
College) introduces a problem that can be simply stated but is still the subject of
ongoing research: “Which polygons can fold to a convex polyhedron?” He
demonstrates through concrete examples that every convex polygon can be folded
to form a convex polyhedron in an infinite number of ways. He then helps the
reader see that the Latin cross, a non-convex polyhedron, may be folded in 22
different ways in addition to the standard, well known folding into a cube. (See
next transparency)

Part Two: Learning Geometry

Chapter 7: Highlights of Research on Learning School Geometry. Michael
T. Battista (Ohio State University) highlights ideas from research that foster
insights on the learning and teaching of geometry in grades K-12. He explains
theories related to the van Hiele levels (see transparency), abstraction, concept
learning, and diagrams and representations. He reviews selected studies of
learning and teaching geometry including those about poor geometry achievement
in the U.S. and interactive geometry software. He synthesizes studies on
students’ struggles to justify and prove. The article includes extensive references.






Chapter 8: Prototypes and Categorical Reasoning: A Perspective to Explain
How Children Think about Interactive Geometry Objects. Paul Yu (Grand
Valley State University), Jeffrey Barrett (Illinois State University), and Norma
Presmeg (Illinois State University) describe research on how interactive geometry
software affects middle school students’ ability to reason about categories. They
explain the cognitive activity of categorization and its related construct of
prototype effect in which a certain member of a category is judged more
representative of that category than other members (e.g., a sparrow is perceived
more representative of ‘bird’ than an ostrich). The authors then illustrate how
prototypes influence students’ geometric thinking in several classroom episodes
using the Shape Makers software. Suggestions for effective use of the software
are provided.

Chapter 9: Conceptions of Angle: Implications for Middle School
Mathematics and Beyond. Christine Browning and Gina Garza-Kling (both of
Western Michigan University) report on studies of how school students and pre-
service teachers develop the concept of angle. The article reviews several
different conceptions of angle. The authors then detail their design and
implementation of angle activities using paper folding and graphing calculators.
They then report findings from a study where the activities were used within an
angle unit in a grade six classroom. Results are analyzed and implications are
drawn for teaching, curriculum, and teacher education.

Chapter 10: Developing the Spatial Operational Capacity of Young Children
Using Wooden Cubes and Dynamic Simulation Software. Jacqueline Sack
(Rice University) and Retha van Niekerk (University of Witswatersrand,
Johannesburg) describe activities to develop children’s spatial visualization
abilities. The authors have engaged young children using an instructional design
and related software (Geocadabra) that includes full-scale models of wooden
cubes and Soma cubes, two-dimensional representations of the 3D objects, and
symbolic models. Their sequence of activities address language (above, behind, to
the left of, etc.); making connections among the materials, the 2D models, and the
symbol systems; and a variety of processes (e.g., creating 2D products,
comparing products with other children).



Chapter 11: Fostering Geometric Thinking in the Middle Grades:
Professional Development for Teachers in Grades 5-10. Mark Driscoll
(Education Development Center), Michael Egan (Augustana College), Rachel Wing
DiMatteo (Education Development Center), and Johannah Nikula (Education
Development Center) detail a professional development program based on
identifying and fostering students’ “geometric habits of mind.” The habits include
reasoning with relationships, generalizing geometric ideas, investigating invariants,
and balancing exploration and reflection. Many intriguing tasks are shared. The
work has had special language benefits to English Language Learners.

Part Three: Teaching Geometry for Understanding

Chapter 12: Teaching Geometry for Conceptual Understanding: One
Teacher’s Perspective. James Paniati (Northwest Regional High School,
Winsted, Connecticut) describes one geometry teacher’s evolution as a
practitioner of discovery learning. Paniati shares three sample activities each in a
different format. For an entirely discovery-based lesson, Paniati has students play
the “Construction Game” in which they use features of geometry software to
produce a sequence of constructions. For a discovery-based opener, Paniati
shows how precalculus students figure out the Law of Sines through guided
questions with a numerical case, and then a variable case. For the back-and-forth
approach, he shows how he challenges students to make sense of radians,
working only from a definition. Assessment considerations are threaded through
each example.

Chapter 13: Defining in Geometry. Michael deVilliers (University of KwaZulu-
Natal, South Africa), Rajendran Govender (University of Western Cape, South
Africa), and Nikita Patterson (Kennesaw State University) share perspectives on
how teachers can develop and give to students a nuanced view of definitions. The
article addresses many questions; a few follow. What makes a good definition?
What are advantages and disadvantages of inclusive definitions? Why can there be
several different good definitions for the same concept? How can software
support students’ grappling with necessity and sufficiency of conditions in a
definition? Why do mathematicians value economical definitions? How do we help
students understand that a particular definition may be matter of choice? (See next
transparency)



Chapter 14: Advancing Elementary School Students’ Understanding of
Quadrilaterals. Tutita M. Casa and M. Katherine Gavin (both of the University
of Connecticut) give examples to support elementary students’ understanding of
definitions for quadrilaterals. They share sample activities that encourage students
to discover properties of shapes, that engage students in writing how sets of
shapes are alike or different from one another, that ask students to choose what
element does not belong to a given set, and that support students’ geometric
language development.

Chapter 15: Using Interactive Geometry Software to Teach Secondary
School Geometry: Implications from Research. Karen F. Hollebrands and
Ryan C. Smith (both of North Carolina State University) provide an overview of
research on the use of interactive geometry software: the strategies students use,
the interpretations they make, the formal reasoning they apply, whether they use
the software proactively or reactively, how they reason about freehand drawings
and constructed figures, and how the software may influence their proof
schemes. In particular, the authors’ synthesis of research helps educators
understand the challenges students face in reasoning deductively and in valuing
proof.

Chapter 16: Representing, Modeling, and Solving Problems in Interactive
Geometry Environments. José N. Contreras (University of Southern
Mississippi) and Armando Martinez-Cruz (California State University—Fullerton)
present a set of challenging problems that invite student exploration with
interactive geometry software. These include Gamow’s Hidden Treasure
Problem, Fermat’s Problems for Triangles and Quadrilaterals, a minimum
spanning tree problem, Viviani’s Problem, and Heron’s Problem. They describe
approaches students use in addressing these problems, including false starts.
They conclude by reflecting on the knowledge, behaviors, and dispositions
students may develop or continue to develop in a rich problem solving
environment using interactive geometry software.



Chapter 17: Inventing a Geometry Theorem. Armando Martinez-Cruz
(California State University—Fullerton) and José N. Contreras (University of
Southern Mississippi) describe a course for current and future secondary teachers
culminating in an assignment to “invent a new theorem.” A key component to the
course is the development of “problem posing” strategies, whereby students take
an existing problem and modify its conditions to create a new one. Interactive
geometry software is used throughout the course to generate conjectures.

Chapter 18: Theorems Discovered by Students Inspire Teachers’
Development. Antonio Quesada (University of Akron) surveys the extensive
literature reporting how secondary school students have used interactive geometry
software to make significant discoveries, often of previously unknown or
forgotten results. He then explores the implications of these discoveries for the
preparation and professional development of teachers and the challenges faced in
implementing inquiry-based teaching strategies.

Chapter. 19: Using Circle-and-Square Intersections to Engage Students in
the Process of Doing Geometry. Stephen Blair (Eastern Michigan University)
and Daniel Canada (Eastern Washington University) demonstrate how one
carefully chosen open-ended problem can lead to a very rich exploration. The
reader engages with the mathematics (How many different ways can a circle and
square intersect?) and follows the journey of secondary students and future
teachers in their struggles to conjecture, classify, refine their search, construct
specific configurations, justify their solutions, and extend the investigation.

Chapter 20: Area Formulas with Hinged Figures. Alfinio Flores (University of
Delaware) shows how interactive computer-generated figures may be used to
develop and show connections among area formulas. Such activities bolster
understanding of rotations, motivate the need for proof, and build bridges to
algebra. Questions are provided to guide student explorations. For several
figures, multiple approaches are provided. Students have an opportunity to learn
area formulas as a network of related relationships. (See transparency)



Chapter 21: An Integrated Approach to Teaching and Learning Geometry.
David Wilson (State University of New Y ork--Buffalo State College) describes the
advantages and challenges of structuring a course around a set of carefully chosen
problems. Following a brief history of integrated curricula, Wilson leads the reader
through a carefully selected set of geometry tasks from the Phillips Exeter
Academy Mathematics 2 course. The samples and text reveal the power of well-
designed, well-sequenced problems that truly build upon previous problems.
Technology, cooperative learning, as well as reasoning and proof are intertwined.
The author closes with personal reflections on the challenges of implementing
such a curriculum and suggestions for making a good start.

Chapter 22: Redesigning a Traditional Geometry Lesson as an Investigative
Activity. Jon Davis (Western Michigan University) shows how a traditional
geometry lesson may be redesigned to promote more active student involvement.
He works with prospective secondary school teachers and invites them to examine
and critique a textbook lesson on the triangle sum theorem. Then he engages
them in redesigning the lesson to be more inquiry-based. The article helps the
reader learn about the challenges such work creates for future teachers and how
the instructor supports them in becoming more effective instructional decision-
makers.

Chapter 23: Looking Forward to Interactive Symbolic Geometry. Philip H.
Todd (Saltire Software) presents a vision of classrooms in the not-too-distant
future in which the next generation of software, combining the features of
interactive geometry software with computer algebra systems, is in widespread
use. Through vignettes of specific lessons he introduces the capabilities of the
software and the challenges teachers will face in using the software to promote
deeper understanding of the mathematics.



Van Hiele Levels
1—Visualization
2—Analysis
3—Informal Deduction
4—Formal Deduction

S5—Rigor



Alternative Definitions for Rectangle

1.

2.

A parallelogram with four right angles
(uneconomical)

A quadrilateral with four right angles
(better but still uneconomical)

. A quadrilateral with at least three right

angles (economical)

. A parallelogram with at least one right

angle (economical)

. A quadrilateral with two right angles

sharing a common side in which the non-
common sides of the right angles are
congruent (economical, also known as a
Saccheri quadrilateral)



Figure 1. Right triangle and rectangle

Figure 2. Triangle with inside altitude

Figure 3. Sum of areas of right triangles.

Alfinio Flores, Area Formulas with Hinged Figures. Understanding
Geometry for a Changing World, 71° Yearbook. NCTM, 2009
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Figure 5. A rectangle with half the height
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Figure 6. A rectangle with half the base.
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Alfinio Flores, Area Formulas with Hinged Figures. Understanding
Geometry for a Changing World, 71° Yearbook. NCTM, 2009



Part 111:
To show HOW we should
make room for geometry



There is lack of agreement regarding not just
the details but even the nature of the
geometry that should be taught from
elementary school through college.

(Zalman Usiskin, Resolving the Continuing
Dilemmas in School Geometry. In Linquist,

ed. 1987)



Two Year Curriculum (proposal based on assumption that
Integrated Mathematics is not an option in most districts)

Geometry 1

Move students to higher van Hiele levels
Induction before Deduction

Use of Software to make discoveries

Hands-on 3 dimensional models
Transformations, Tessellations, Frieze Patterns
Short sequences of Theorems (NCTM 1989, 180)
Coordinate Geometry

Right Triangle Trigonometry

Serra, Discovering Geometry Chapters 1-12
Enrichment

Geometry 2

Move from informal deduction to formal deduction
(van Hiele level)
Axiomatic Systems: Euclid Book 1 or Serra Chapter 13
Solid Geometry through regular polyhedra
Locus: Equations of Conic Sections
Unit Circle approach to trigonometric Functions
Trigonometry applications:
oblique triangles, vectors, spherical trig
Transformations via Matrices
Non-Euclidian Geometry
Contemporary Issues in Geometry



College Preparatory Track

9" Grade Algebra 1

10™ Grade Geometry 1

11™ Grade Algebra 2

12" Grade Geometry 2 Statistics

Accelerated Track

8" Grade Algebra 1

9™ Grade Geometry 1

10™ Grade Algebra 2

11" Grade Geometry 2

12" Grade Pre Calculus Statistics




Advanced Placement Track

8" Grade Algebra 1
9" Grade Geometry 1
10™ Grade Algebra 2
11" Grade Geometry 2

Pre Calculus

12" Grade AP Calculus




Euclid’s Proof that there are exactly
five regular polyhedron

XIII. 18 Remark: No other figure, besides the said five

figures, can be constructed which is contained by equilateral

and equiangular figures equal to one another.

XI. 21 Any solid angle is contained by plane angles whose

sum is less than four right angles.

X1.20 If a solid angle is contained by three plane angles, then

the sum of any two is greater than the remaining one.

I. 20 In any triangle the sum
of any two sides is greater

than the remaining one.

I. 25 If two triangles have two
sides equal to two sides
respectively, but have the
base greater than the base,
then they also have the one of
the angles contained by the
equal straight lines greater

than the other.




In the Poincaré model for Hyperbolic Geometry we can
construct triangles whose angle sum is less than 180°.

eoe NonEuclid 2007.04

MEASURE TRIANGLE

Click mouse on any Three
Points.

Triangle ABC:

Length AB = 2.014
Length AC = 2.334
Length BC = 2.537
Angle A= 441"
Angle B = 34.5°
Angle C=24.1°
Angle Sum = 102.7°

http://cs.unm.edu/~joel/NonEuclid/NonEuclid.html





