ON PATH COVERINGS OF HYPERCUBES WITH ONE
FAULTY VERTEX

N. CASTANEDA, V. GOCHEV, I. GOTCHEV, AND F. LATOUR

ABSTRACT. Let n > 5 and Q,, be the n—dimensional binary hy-
percube. Also, let u be a faulty even (odd) vertex in Q,,, u; and
ug be distinct even (odd) vertices of Q,, — {u} and vy, va, v3 and
vg be distinct odd (even) vertices of Q, — {u}. We prove that
there exist three paths in Q,, — {u}, one joining w; and wus, one
joining v; and vy and one joining vs and v4, such that every vertex
of Q,, — {u} belongs to exactly one of the paths. Also, under the
same hypotheses, there exist three paths in Q,, — {u}, one joining
uyp and v1, one joining us and vy and one joining vs and vy, such
that every vertex of Q,, — {u} belongs to exactly one of the paths.

1. INTRODUCTION

A path covering of a graph G = (V, E) is a set of vertex-disjoint simple
paths in G with the property that every vertex of G is contained in
exactly one of the paths. For & > 1, a k—path covering of G is a
path covering consisting of k paths. In this paper we are interested in
3—path coverings of induced subgraphs of the n—dimensional binary
hypercube @Q,,. An induced subgraph of Q, is also known as a faulty
hypercube.

The vertices of Q,, are binary vectors of length n. A vertex is odd if it
contains an odd number of 1s and even if it contains an even number
of 1s. In order to make our results as general as possible, the vertices
of one parity will be called green and those of the other parity will be
called red.

One of the most basic theorems on path coverings of Q, is Havel’s
Lemma [1], which states that given any two vertices of opposite parity
in Q,, with n > 1, there exists a Hamiltonian path with these two
vertices as endpoints, or in the terminology of [2], Q,, for each n > 1,
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is Hamilton laceable. For 2—path coverings of Q,, the following two
results are known.

Lemma 1.1 ([3]). Let n > 2, g1, 92 € V(Q,) be distinct green vertices
and 1,19 € V(Q,) be distinct red vertices. Then there exists a 2—path
covering of Q,, with one path joining g1 and r1 and another path joining
go and ry.

Lemma 1.2 ([4], [5]). Let n > 4, g1,92 € V(Q,) be distinct green
vertices and ri,1m9 € V(Q,) be distinct red vertices. Then there ezists
a 2—path covering of Q,, with one path joining g1 and g and another
joining r1 and ro. The claim is not true when 2 < n < 3.

For 3—path coverings of Q,, the following result was obtained in [5].

Lemma 1.3 ([5]). Let n > 5, g1,92,93 € V(Q,) be distinct green
vertices and ri,re, 13 € V(Q,) be distinct red vertices. Then there
exists a 3—path covering of Q,, with one path joining g, and r1, another
path joining go and ro, and another path joining g3 and r3. The claim
1s not true when 3 <n < 4.

Another basic result on path coverings of Q, with one deleted vertex
is the following.

Lemma 1.4 ([6]). Let n > 2, g € V(Q,), and r1,75 € V(Q,) be
distinct red vertices. Then there exist a Hamiltonian path for Q, —{g}
joining g1 and gs.

In the terminology of [6] the above lemma states that Q,, is hyper-
Hamilton laceable.

For 2—path coverings of Q,, with one deleted vertex the following result
is proved in [5].

Lemma 1.5 ([5]). Let n >4, g,g91 € V(Q,) be distinct green vertices
and ri,7m9,73 € V(Q,,) be distinct red vertices. Then there exists a
2—path covering of Q,—{g} with one path joining g1 and ry and another
joining ro and r3. The claim is not true when 2 < n < 3.

Castaneda and Gotchev continued the study of path coverings of in-
duced subgraphs of Q,, in [5] where they considered the following more
general problem:

Problem 1.6. Let M,C, N and O be nonnegative integers and F be
a subset of V(Q,,) such that the cardinality of F is M and the abso-
lute value of the difference between the mumber of odd vertices in F
and the number of even vertices in F is C'. Let also ay,...,any o and
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bi,...,byro be distinct vertices in V(Q,) \ F, such that there are N
pairs a;, b; of opposite parities and O pairs a;, b; of matching parities.
Find the smallest m such that if n > m then, regardless of the choice of
F and ay,...,ani0,b1,-..,bnro, there exists an (N + O)—path cover-
ing of the subgraph induced by V(Q,) \ F with one path joining a; and
bi, for each i € {1,..., N + O}.

In [5], the smallest m defined in Problem 1.6 is denoted [M,C, N, O].
For example, using this notation, Havel’s lemma states [0,0,1,0] = 1,
Lemma 1.1 states [0,0,2,0] = 2, Lemma 1.2 states [0,0,0,2] = 4,
Lemma 1.3 states [0,0,3,0] = 5, Lemma 1.4 states [1,1,0,1] = 2 and
Lemma 1.5 states [1,1,1,1] = 4.

In the following table are given some of the values of [M, C, N, O] known
to us. Most of them were obtained in [5]. [7] contains [0,0,1,2] = 4
and [8] contains [4,0,2,0] = 5 and [7,1,0,1] = 6 (the latter result is
not included in the table). The rows represent admissible combinations
of M and C and the columns contain all the values of N and O such
that N + O < 3. Each star in the table represents an impossible case.
The missing entries in the table correspond to values of [M,C, N, O]
that we do not know yet. The inequalities in the table represent an
upper or lower bound of the corresponding entry.

MC\NO |01 10|20 ] 11 [02]30 21| 12 | 03
00 * | 112 ~ [ 4|5 ]| x| 4 *
11 2 % | x| 4 | x|« |5 x| 5t
20 x| 414 x |5 * *
22 * | x| x| *x | 4| x| *x[<6] %
31 4 | % | % 5 * | x *

33 k| x| x| * | x| *| x| « [<6
40 * | 5|5 | % * *
42 * | x| x| % | 5| x| % *
44 * | x| x| x| x| kx| x| % *
51 5| x| % [ >h] x| % *

In this paper we continue to investigate the existence of path coverings
with prescribed ends in hypercubes O, with one faulty vertex. More
specifically, we prove the following two results: Let u be a faulty even
(odd) vertex in Q,,, u; and uy be distinct even (odd) vertices of Q,,—{u}
and vy, ve, v and vy be distinct odd (even) vertices of Q,, — {u}. If
n > 5, then there exist a 3—path covering of Q,, — {u}, with one path
joining u; and wuy, one path joining v; and vy and one path joining vs
and vy. Also, under the same hypotheses, there exist a 3—path covering
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of 9@, —{u}, one joining u; and vy, one joining us and v, and one joining
vg and vy. Both claims are not always true when n < 4. In the proofs
we use many of the results contained in the above table. In the notation
of [5], our results are equivalent to the statements [1,1,2,1] = 5 and
[1,1,0,3] = 5 (these values are marked with a dagger in the above
table).

2. DEFINITIONS AND NOTATION

In the proofs that follow we shall use the notation already introduced
in [5].

In many cases, it will be useful to view Q, as two copies of ),_1,
denoted QP and Q%' with the vertices of Q! and those of Q%

joined by edges in pairs. QP and Q%' will be called the top plate
and the bottom plate, respectively. Without loss of generality, we may
assume that the vertices of QP all share the same v-coordinate (say
v = 1), and the vertices of Q%! all share the same v-coordinate (say
v = 0). The coordinates other than the v-coordinate will be denoted

by the letters z,y, z, .. ..

Any path in Q,, with an endpoint r can be written uniquely as (r,n),
where 7 is a sequence of letters in {x,y, z,v,...} (such a sequence will
be called a word). For example, in Qs, denote the five coordinates by
x,y,z,w,v in that order. Then the path starting at » = (0,1,0,0, 1),
going through (1,1,0,0,1), (1,1,0,0,0), (1,0,0,0,0) and ending at
(1,0,1,0,0) can be written (r, zvyz).

The initial vertex of the path (r,n) is r; if the terminal vertex is s, then
the same path will sometimes be written (r,n; s).

We shall also use the following notation: w® means the reverse word

of w; W' denotes the word obtained after the last letter is deleted from
w; w* is the word obtained after the first letter is deleted from w and
p(w) is the first letter of w.

3. [1,1,0,3] =5

Theorem 3.1 ([1,1,0,3] = 5). Let n > 5, and r,11,72, g1, g2, g3, g4 be
three distinct red and four distinct green vertices in Q,. Then there

exists a 3—path covering (r1,&;r2), (91,7 92), (93,5 91) of Qn — {r}.
The claim is not always true if n < 5.

Proof. The following counterexample shows that [1,1,0,3] > 5.
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Let n =4 and r = (0,1,1,0). Let also r; = (0,0,1,1), o = (0,1,0, 1),
g1 = (1707 L 1)7 g2 = (17 L 170)7 gs = (17 1,0, 1)7 and g4 = (1707070)
be vertices in Q4 — {r}. Then one can directly verify that a 3—path
covering of Q4 — {r} with paths connecting r; to r3, g1 to g2, and g3
to g4 does not exist.

Now, let n > 5. Let v be a coordinate where r; and ry do not agree,
and use that coordinate to split Q,, into two plates. Without loss of
generality, we can assume that r and r; are on the top plate and 79
is on the bottom plate. There are six different cases to consider that
depend on the distribution of the green terminals on the plates.

Case (1) g1, g2, g3, g4 are on the top plate.

Use [2,2,0,2] = 4 to find a 2—path covering ~q, 7o of QP — {r,ri}
that connects g; to go and g3 to gy, respectively. Use [0,0,1,0] =1 to
find a Hamiltonian path ~3 of fot that connects rv to ro. Then 4,
Y2, (r1,v73) is the required 3—path covering of Q,, — {r}.

Case (2) g1, g2, g3 are on the top plate and g4 is on the bottom plate.
We consider two cases: v # g4 and r1v = gy.

Assume that v # g4. Choose a green vertex g in Q' — {g1, g2, g3}
such that gv # re. Use [2,2,0,2] =4 to find a 2—path covering 1, 72
of QP — {r ri} that connects g; to g2 and g3 to g, respectively. Use
[0,0,2,0] = 2 to find a 2—path covering 73, 4 of Q% that connects
rv to 1o and gv to g4, respectively. Then vy, (g3, 72074), (r1,v73) is
the required 3—path covering of Q,, — {r}.

Assume now that rjv = g4. Let g be a green vertex in Q' —{g;, g2, g3}
adjacent to ri. Such vertex exists since n > 5. Let ¢ = riz for some
letter x. There are two possibilities: gv = ry and gv # rs.

Assume that gv = ry. Then gzv # ry. Use [2,2,0,2] = 4 to find a
2—path covering 71, n of QP — {r ri} that connects g; to g and g
to gs, respectively. Use [0,0,2,0] = 2 to find a 2—path covering s, 73
of Q%! that connects gn'v to ro and gsv to gy, respectively. Then v,
(g3, vY2), (r1,2zn'v7y3) is the required 3—path covering of Q,, — {r}.

Finally, assume that gv # r5. Use [2,2,0,2] = 4 to find a 2—path
covering 7y, n of QP — {r ri} that connects g; to g and g3 to g,
respectively. Use [0,0,0,2] = 4 to find a 2—path covering s, 3 of
Q! that connects gzn'v to g4 and gv to 7y, respectively. Then 7y,
(g3, m'v7y2), (11, zvy3) is the required 3—path covering of Q,, — {r}.

Case (3) g1, g2 are on the top plate and g3, g4 are on the bottom plate.
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Choose a green vertex g in Q% — {gy, ga,ov}. Use [1,1,1,1] =4 to
find a 2—path covering 71, 72 of Q% — {r} that connects g; to g and
r1 to g, respectively. Use [0,0,0,2] = 4 to find a 2—path covering s,
74 of Q%! that connects gv to rp and g3 to g4, respectively. Then v,
(71, 72073), 74 is the required 3—path covering of Q,, — {r}.

Case (4) g1, g3 are on the top plate and g, g4 are on the bottom plate.

Without loss of generality we can assume that g;v # ry for if not
then gsv # 1. Use [2,0,1,0] = 4 to find a Hamiltonian path ~ of
Qtor — {r g} that connects 71 to gz. Since n > 5, the length of this
path is at least 13, and so there are at least 7 edges (7, §) in -y, where
7 is red, ¢ is green and 7 is closer to r; along v than g is. Choose one
such edge (7, g) with the property that 7v ¢ {g2, g4} and gv # re. Let
x be such that ¢ = 7x and write v = nxf, with # = rn, g3 = g6.
Use [0,0,1,2] = 4 to find a 3—path covering 71, 72, 73 of Q% that
connects 7v to e, gu to g4, and g1v to ge, respectively. Then (1, nvy,),
(g3, 0Fvys), (g1,v73) is the required 3—path covering of Q,, — {r}.

Case (5) ¢ is on the top plate and g¢s, g3, g4 are on the bottom plate.

Choose green vertices g and ¢ in Q7 — {g;} such that gv # ry and
gu # 1. Use[1,1,1, 1] = 4 to find a 2—path covering 71, v of QP —{r}
that connects g; to g and r; to g, respectively. Use [0,0,1,2] = 4 to
find a 3—path covering 73, V4, 75 of Qb that connects gv to 73, Gv to
g2, and g3 to gy, respectively. Then (g1,71v74), (r1,72073), V5 is the
required 3—path covering of Q,, — {r}.

Case (6) g1, g2, 93, g4 are on the bottom plate.

Use [1,1,0,1] = 2 to find a Hamiltonian path v of Q%' — {r,} that
connects g; to go. We can assume that v = nf¢ with g3 = 11, g4 = g30,
by renumbering g3 and g4, if necessary. Use [1,1,1,1] = 4 to find a
2—path covering 1, 72 of QP —{r} that connects g;7'v to g4(¢)v and
rov to r1, respectively. Then 60, (19, vy2), (g1, 7vy1v(*) is the required
3—path covering of Q,, — {r}. O

4. [1,1,2,1] =5

Theorem 4.1 ([1,1,2,1) = 5). Let n > 5 and r,71,72, g1, 92, g3, g4 be
three distinct red and four distinct green wvertices in Q,. Then there

exists a 3—path covering (g1,§;71), (g2, m;72), (93,C;94) of Qn — {r}.
The claim is not true if n < 5.

Proof. The following counterexample shows that [1,1,2,1] > 5.
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Let n =4 and r = (0,1,1,0). Let also r; = (0,0,1,1), o = (0,0,0,0),
g1 = (07 170a0)7 g2 = (Oa L1, 1)7 g3 = (0707 L, O>7 and g, = (Oa0707 1)
be vertices in Q4 — {r}. Then one can directly verify that a 3—path
covering of Q4 — {r} with paths connecting ¢; to 71, g2 to 72, and g3
to g4 does not exist.

Now, let n > 5. Let v be a coordinate where r; and ry do not agree,
and use that coordinate to split Q,, into two plates. Without loss of
generality, we can assume that r and r; are on the top plate and 75 is
on the bottom plate. There are sixteen different cases to consider that
depend on the distribution of the green terminals on the plates.

Case (1) g1, g2, g3, g4 are on the top plate.

Use [2,2,0,2] = 4 to find a 2—path covering (g1, 71; 92), (g3, 72;94) of
Qi» — {r,r1}. Either giv # ry or gov # 7. If giv # 7y then use
[0,0,2,0] = 2 to find a 2—path covering (g1v, y3;710), (g19(71)v, Va5 72)
of Q%! Then (g1, vy3v;71), (g2, (VF)'vy4;72), (g3, Y2; 94) is the required
3—path covering of Q,, — {r}. If gov # ry then use [0,0,0,2] = 4
to find a 2—path covering (gov,73;72), (g17,v,Va;710) of Q. Then
(g1, 71vy3v;71), (g2, vY3;72), (g3, 72; g4) is the required 3—path covering
of @, — {r}.

Case (2) ¢2, g3, 94 are on the top plate and g; is on the bottom plate.
Use [3,1,0,1] = 4 to find a Hamiltonian path (gs,71;94) of QP —
{Ta 1, 92}

If gov # ro and riv # ¢; use [0,0,0,2] = 4 to find a 2—path cov-
ering (g1,72;71v), (gav,73;72) of Q. Then (g1,72v;71), (g2, v7y3;72),
(93,71; 94) is the required 3—path covering of Q,, — {r}.

If gov =7y and mv # gy use [1,1,0,1] = 2 to find a Hamiltonian path
(91,725 1v) of QZOt — {r2}. Then (g1,7%v;71), (g2,v;72), (93,713 94) is
the required 3—path covering of Q,, — {r}.

If gov # r9 and v = gy use [1,1,0,1] = 2 to find a Hamiltonian path
(920, 72;72) of Q%" —{g1}. Then (g1,v;71), (92,0725 72), (93,715 94) 18
the required 3—path covering of Q,, — {r}.

Finally, suppose gov = ry and riv = ¢g;. Let x,y be the first two
letters of v, and write v; = xyn. Then gsxv # g1 and gzzryv # ry, S0
we can use [2,0,1,0] = 4 to find a Hamiltonian path (gszv,s; gsxyv)
of Q% — {gi,m}. Then (g1,v;71), (g2,v;72), (g3, T0YuM; g4) is the
required 3—path covering of Q,, — {r}.

Case (3) g1, 93,94 are on the top plate and g is on the bottom plate.
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Use [1,1,1,1] = 4 to find a 2—path covering (g1,71;71), (g3,72; 94) of
Qtr — {r} and use [0,0,1,0] = 1 to find a Hamiltonian path (gz, v3;72)
of Q. Then (g1,%;71), (92,73:72), (g3,72; g4) is the required 3—path
covering of Q,, — {r}.

Case (4) g1, g2, 94 are on the top plate and g3 is on the bottom plate.
This case is equivalent to the next case.

Case (5) g1, g2, 93 are on the top plate and g, is on the bottom plate.
Choose a red vertex 7 in Q' — {r,ry, gsv}. Either gov # ro or gsv #
ro. If gov # 7o then use [2,0,2,0] = 4 to find a 2—path covering
(91,71571), (93,72;7) of QP — {r, g2} and use [0,0,0,2] = 4 to find
a 2—path covering (7v,73;94), (g2v,7a;72) of Q). Then (g1, 1;71),
(g2, v74;72), (93,72073;94) is the required 3—path covering of Q, —
{r}. If gsv # ry then use [2,0,2,0] = 4 to find a 2—path covering
(91,71;71), (g2,72;7) of QP — {r g3} and use [0,0,2,0] = 2 to find
a 2—path covering (Fv,73;72), (93v,74;94) of Q%' Then (g1, 71;71),
(g2, Y2035 72), (g3, V743 g4) is the required 3—path covering of Q,, —{r}.
Case (6) g1, g2 are on the top plate and g3, g4 are on the bottom plate.
Choose a green vertex g in QP — {gy,go} such that gv # 7. Use
[1,1,1,1] = 4 to find a 2—path covering (g1,71;71), (92,725 g) of QP —
{r}. Use [0,0,0,2] =4 to find a 2—path covering (guv,v3;72), (g3, V4; ga)
of QZOt- Then (g1,71;71), (92, 72073;72), (93,745 94) is the required
3—path covering of Q,, — {r}.

Case (7) g1, g3 are on the top plate and g, g4 are on the bottom plate.
This case is equivalent to the next case.

Case (8) g1, g4 are on the top plate and g, g3 are on the bottom plate.
Choose a green vertex g in Q' — {gy, g4} such that gv # ry. Use
[1,1,1,1] =4 to find a 2—path covering (g1, v1;71), (g,72; ga) of QP —
{r}. Use [0,0,2,0] = 2 to find a 2—path covering (g3, v3; gv), (g2, V4; 72)
of Q. Then (g1,71;71), (92,74;72), (g3,730Y2;94) is the required
3—path covering of Q,, — {r}.

Case (9) g2, g3 are on the top plate and gy, g4 are on the bottom plate.
This case is equivalent to the next case.

Case (10) go, 94 are on the top plate and gy, g3 are on the bottom
plate.

Either gov # 79 or g4v # 7.

If gov # 79 then use [2,0,1,0] = 4 to find a Hamiltonian path (71, 7; g4)
of QP — {r go}. Since n > 5, the length of this path is at least 13,
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and so there are at least 7 edges (7, ¢) in 7, where 7 is red, g is green
and 7 is closer to r; along « than g is. Choose one such edge (7, §)
with the property that 7v ¢ {g1, g3} and gv # re. Let x be such that
g = 7z and write v = nzf, with # = rn, g4 = g6. Use [0,0,1,2] =4
to find a 3—path covering (g1, 7v1;7v), (g2v,72;72), (g3,v3; gv) of QY.
Then (g1, mvn";71), (92, v72572), (93,73v0; g4) is the required 3—path
covering of Q,, — {r}.

If g4v # 7o then use [2,0,1,0] = 4 to find a Hamiltonian path (71, 7; g2)
of Qv — {r g,}. Since n > 5, the length of this path is at least 13,
and so there are at least 7 edges (7, ¢) in vy, where 7 is red, § is green
and 7 is closer to r; along v than g is. Choose one such edge (7, §)
with the property that 7v ¢ {g1,93} and gv # 9. Let = be such that
¢ = 7z and write v = nzf, with 7 = rn, go = g6. Use [0,0,1,2] =4
to find a 3—path covering (g1, v1;7v), (§v,Y2;72), (g3,73; gav) of QL.
Then (g1, v1vn";71), (g2, 0™ vy2;72), (93,7305 ga) is the required 3—path
covering of Q,, — {r}.

Case (11) g3, 94 are on the top plate and ¢, go are on the bottom
plate.

Choose a green vertex g in Q' — {g3, g4} such that gv # ry. Use
[L 17 17 1] =4 to find a 2_path Covering (gv V15 Tl)? (937 723 94) of sznop T
{r}. Use [0,0,2,0] = 2 to find a 2—path covering (g1, v3; gv), (g2, V4; 72)
of Q. Then (g1,73v71571), (g2,74;72), (g3,72;94) is the required
3—path covering of Q,, — {r}.

Case (12) g¢; is on the top plate and g¢s, g3, g4 are on the bottom plate.
Choose two distinct green vertices g and ¢ in Q!P — {g;} such that
gv # ry and gv # re. Use [1,1,1,1] = 4 to find a 2—path covering
(91771; rl)v (97’727g> of anop - {T} Use [07 Oa 17 2] =4 to find a 3_path
covering (ga, 73, gv), (9v,va;72), (93,75 94) of Qlﬁ"t- Then (g1,71;71),
(92, 730720745 12), (g3, 753 94) s the required 3—path covering of Q, —

{r}.

Case (13) g» is on the top plate and g¢i, g3, g4 are on the bottom plate.
Choose two distinct green vertices g and ¢ in Q!P — {g;} such that
gv # 1y and gv # re. Use [1,1,1,1] = 4 to find a 2—path covering
(g,71:71), (92,725 g) of QP — {r}. Use [0,0,1,2] =4 to find a 3—path
covering (g1, 73, ), (G, 743 72), (93,755 ga) of Q). Then (g1, y3071571),
(g2, Y2vy4;72), (93,75; g4) is the required 3—path covering of Q,, — {r}.

Case (14) g3 is on the top plate and g¢;, g2, g4 are on the bottom plate.
This case is equivalent to the next case.

Case (15) g4 is on the top plate and g¢;, g2, g3 are on the bottom plate.
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Let x # v be a letter such that gsxv # g4 and 7 # 15 be a red vertex
in Q%' such that v # g4. Use [1,1,1,1] = 4 to find a 2— path
covering (7v,v1;71), (g32v,72; g4) of QP — {r}. Use [2,0,2,0] = 4 to
find a 2—path covering (g1, 73, 7), (g2, Va;72) of Q%' — {g3, gsx}. Then
(91, v3v71;71)s (92,743 72), (g3, TVY2; g4) is the required 3—path covering
of Q, —{r}.

Case (16) g1, g2, g3, g4 are on the bottom plate.

Use [1,1,0,1] = 2 to find a Hamiltonian path (g1,7; g2) of Q5 — {ry}.
By renumbering g3 and gy, if necessary, we can assume that v = nf¢
with g5 = 11, g2 = g36. Use [1,1,1,1] = 4 to find a 2—path cover-

ing (g11'v,71;71), (92(¢C")'v,72;m2v) of QFF — {r}. Then (g1, n'vy1;71),
(9o, (C)Yvy2v;12), (g3,0;94) is the required 3—path covering of Q,, —

{r}. O
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