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ABSTRACT. Let {X;:i € I} be a set of sets, X := HieJ X; when
@ #J CI;Y be asubset of X7, Z be aset,and f:Y — Z. Then f
is said to depend on J if p,q €Y, ps = q5 = f(p) = f(q); in this case,
fi1:7ms[Y] — Z is well-defined by the rule f = fyoms|y.
When the X; and Z are spaces and f : Y — Z is continuous with Y
dense in X7, several natural questions arise:
(a) does f depend on some small J C I?
(b) if it does, when is f; continuous?
(c) if fs is continuous, when does it extend to continuous f; :
X;— 277
(d) if fs so extends, when does f extend to continuous f : X; —
Z?
(e) if f depends on some J C I and f extends to continuous
f:Xr — Z, when does f also depend on J?
The authors offer answers (some complete, some partial) to some of
these questions, together with relevant counterexamples.
Theorem 1. f has a continuous extension f : X; — Z that depends
on J if and only if f; is continuous and has a continuous extension
fr:X;,— 2.
Example 1. For w < k < ¢ there are a dense subset Y of [0, 1]" and
f € C(Y,[0,1]) such that f depends on every nonempty J C x, there
isno J € [k]<“ such that f; is continuous, and f extends continuously
over [0, 1]".
Example 2. There are a Tychonoff space X, dense Y C X, f €
C(Y), and J € [I]=* such that f depends on J, m;[Y] is C-embedded
in X, and f does not extend continuously over X;.
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1. INTRODUCTION

In addition to the notation given in the Abstract, we adopt these conven-
tions. w is (the cardinality of) the set of non-negative integers and [ is an index
set (usually infinite). «, %, and A are cardinals and [I|<% :={J C T :|J| < k}.
(X7)w denotes X7 := [[;c; X with the s-box topology (so (X1), = X1) and
Ealp) ={x e Xr:|{i €I:x;# p;}| <A} whenever p € X;. By a (canonical)
basic open set in (X), we mean a set of the form U = Uy = I;¢; U; with U;
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open in X; and with R(U) := {i € I : U; # X;} € [I]<". (In the terminology
of [4], R(U) is the restriction set of the (basic) open set U.) The symbol R
denotes the real line with its usual topology, the cardinality of R is denoted by
¢, the cardinality of the set X is denoted by |X|, and the closure of X by X.

The weight of a space X is w(X) := min{|B| : B a base for X }+w, the density
of X is d(X) := min{|D| : D is dense in X } +w, x(z, X) denotes the character
(i.e., the local weight) of the point z in the space X, and x(X) := sup{x(z, X) :
x € X}. Finally, a pairwise disjoint collection of nonempty open sets in X is
called a cellular family and the cellularity of X is ¢(X) := sup{|U| : U a cellular
family in X} 4+ w.

For spaces Y and Z we denote by C(Y, Z) the set of continuous functions
from Y into Z. We write C'(X) := C(X,R) and (in contrast with the convention
used in [8] and elsewhere) we write C*(X) := C(X,[0,1]). A subspace Y of
a space X is C(Z)-embedded if every f € C(Y,Z) extends to f € C(X, Z);
then as usual [8], a C(Z)-embedded space Y C X with Z = R is said to be
C-embedded; if Z = [0,1] then Y is said to be C*-embedded.

Our spaces are not subjected to any standing separation hypothesis. When
a specific property is wanted, as in Remark 3.4, Section 4, and Theorems 5.5
and 5.6, we state it explicitly.

Definition 1.1. When X1, Y, Z and f are as in the Abstract and f depends
on J C I, the function fj:w;[Y] — Z (defined by the relation f = fyomyly)
is a factorization of f.

For additional topological definitions not given above, see [8], [4], [16], [11],
or [7].

The point of departure of our investigation is a lemma given in the book
“Chain Conditions in Topology” by W. W. Comfort and S. Negrepontis [4],
together with a question those authors posed. We give these now, paraphrasing
slightly to facilitate the present exposition.

Lemma 1.2. [4, 10.3] Let w < k < a, {X;:1 €I} be a set of nonempty
topological spaces, and Y be a subspace of (X1)x such that ;Y] = X for
every nonempty J C I with |J| < a. Let also Z be a topological space and f
be a continuous function from'Y to Z such that f depends on < a coordinates.
Then there is continuous f : (X1)x — Z such that f C f.

Question 1.3. [4, p. 235] Let w < k < «, {X; : i € I} be a set of nonempty
topological spaces, and Y be a dense subspace of (Xr)x. Let Z be a space
such that w;[Y] is C(Z)-embedded in Xy for every nonempty J € [I|<%. If
feCY,Z) and there is J € [I|<% such that f depends on J, must [ extend
continuously over (X1). ¢ What about the case k = w?

In fact, the present authors do not know the answer to Question 1.3 even if
all the spaces X; are assumed metrizable.

Let us specialize to the case k = w. It is clear from Theorem 3.5(c) below
that if the function f in Lemma 1.2 depends on some J € [I|<* then the
factorization f; : X; — Z is continuous. Then since 7;[Y] = X, the function
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f := fyomy is a continuous extension of f that depends on J. Thus Lemma
1.2 has this consequence.

Theorem 1.4. Let o > w, X be a product space, and Y be a subspace of Xy
such that ;Y] = X for every nonempty J € [I|<%. Let also Z be a topological
space and f € C(Y,Z) depend on some J € [I|<*. Then f; is continuous and
f:=from;: X; — Z is a continuous extension of f that depends on J.

Questions (a) through (e) of the Abstract are subsidiary to a more com-
pelling very general question: “When is a continuous function defined on a
dense subset of a product space continuously extendable over the full prod-
uct?” This question and question (a) of our Abstract have generated a huge
literature. Among the works in this vein, representing a variety of approaches,
we mention these familiar papers: H. Corson [5], R. Engelking [6], I. Glicksberg
[9], M. Husek [12], [13], [14], A. Mishchenko [18], N. Noble [19], N. Noble and
M. Ulmer [20], M. Ulmer [22], [23]. The textbooks [7] and [4] strive for com-
prehensive bibliographies. As is indicated in [4], many of the published results
responding positively to these questions generalize to product spaces with the
Kk-box topology.

In contrast, questions (b) through (e) of the Abstract have been almost to-
tally ignored in the literature. In this paper, always with f € C(Y,Z) and
usually with Y dense in X, we study some of these questions and their re-
lation to Question 1.3. In Section 2 we give some examples of discontinuous
factorizations fj; in Section 3 we give some sufficient conditions for the exis-
tence of continuous factorizations; in Section 4 we study when the existence of
a factorization of a function defined on a dense subspace of a product space
implies the existence of a factorization of its continuous extension to the full
product; in Section 5 we give some sufficient conditions for a positive answer
to Question 1.3; and in Section 6 we pose a question related to Question 1.3.

2. DISCONTINUOUS FACTORIZATIONS: SOME EXAMPLES

In this section, responding to question (b) of the Abstract, we give examples
showing that a factorization of a continuous function defined on a dense subset
of a product space need not be continuous (2.3, 2.8, 2.9); and when it is con-
tinuous the initial function may (2.8) or may not (2.13) extend continuously
over the full product. Concerning question (e) of the Abstract, 2.3 and 2.9 give
examples of a function f € C(Y, Z) with an extension f € C(X;, Z) such that,
for certain J C I, f does and f does not depend on J. As to question (d), the
answer is “Always” (4.6).

We use in what follows the familiar fact (see for example [7, 2.3.15] or [3,
3.18]) that for k < ¢ the product of k-many separable spaces is separable. For
convenience we give statements with each X; = [0, 1], but routine generaliza-
tions (for example, with each X; = R) are clearly valid.

Lemma 2.1. Let I be an index set with 0 < |I| < ¢ and X; = [0,1]1. Let
D = {z(n) : n < w} be a (countadle) dense subset of Xr, and for n < w let
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y(n) € X1 satisfy ly(n); —xz(n);| < ﬁ for eachi € I. Then E :={y(n) :n <
w} is dense in X;.

Proof. Each nonempty open U C X contains a (basic) set of the form

N(pa F7 6) = H (pl — €D + 6) X [Ov HI\F
ieF
with p € X;, F € [I]<“ and € > 0. The open set V := N(p, F, §) satisfies

|V N D| = w, and with n chosen so that n%_l < § and z(n) € V we have

y(n) € N(p, F,e)yNECUNE. O

Lemma 2.2. Let I be an index set with 0 < |I| < ¢ and X; = [0,1]!. There
is a countable dense subset E of X such that for each i € I the restriction
m|E: E —[0,1]; = [0,1] is an injection.

Proof. Let D = {z(n) : n < w} be dense in X;. Define y(0); = x(0); for
each i, and if y(n); has been defined for all n < m choose y(m); € [0,1] so
that y(m); ¢ {y(0)i,...,y(m — 1);} and |y(m); — x(m);| < ;15. Then by
Lemma 2.1 the set E := {y(n) : n < w} is as required. O

Example 2.3. There is a product space X, a (countable) dense subspace
Y ={y(n) :n<w}C Xy, feC®), and an index j € I, such that
(i) the function f; : m;[Y] — R given by f;(y(n);) = f(y(n)) is well-
defined, and
(ii) f; is not continuous on m;[Y].
One may arrange in addition that f :Y — R extends continuously over X;.

Proof. Let each X; = R or X; = [0,1] with [I| = ¢, and set X} := [[,o; Xi
and Y := F = {y(n) : n < w} as in Lemma 2.2. Choose and fix two different
coordinates ¢,j € I and define f : Y — R by f := m;|y. Note that f extends
continuously over X;. Note also that the function f; : 7,;[¥Y] — R given by
fily(n);) == f(y(n)) = y(n); is well-defined, since if y(n),y(m) € Y with
y(n); = y(m); then m = n. Now choose distinct =,y € Y and let p = z; and
g = yj. Thus f;(q) # p. Let also ni be a sequence such that y(ng); — p,
y(nx); — g. Then f;(y(nk);) = f(y(nk)) = y(ni)i — p # fi(q), so f; is not
continuous. (I

Theorem 2.4. Let I be an inder set with 0 < |I| < ¢ and X; = [0,1].
There is a dense subspace Y of Xy such that for each i € I the restriction
m|Y 1Y — [0,1]; = [0,1] is a bijection onto [0,1].

Proof. Begin with F = {y(n) : n < w} as in Lemma 2.2 and for i € I let
{y(n); : w < n < ¢} be a faithful enumeration of the set [0,1]\m;[E]. Then
y(n) € Xr and the set Y := {y(n) : n < ¢} = EU{y(n) : w < n < c} is as
required. ([l

Remark 2.5. In Example 2.3 the set 7;[Y] is a countable, dense subspace of
R; = R or of [0,1]; = [0,1], hence is not C*-embedded. If we take I, X7,
and Y as in Theorem 2.4 with I = {i,j}, |Y| = ¢, X; = R? and with both
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m; and 7; surjections from Y onto X; = R and X; = R, respectively, then we
can arrange the essential features of that argument. Note that the function
fi :m;[Y] — R given by f;(y(n);) = f(y(n)) = y(n); is still well-defined and
discontinuous since its restriction to the countable subspace FE' is discontinuous,
though f; om; = f with f(y(n)) = y(n); is continuous on Y and as before, f
extends continuously over all of R2.

In Example 2.3 the function f depends on the set {i} and also depends on
the set {j} but the function f; is continuous while the function f; is not. The
following proposition shows, more generally, that if (continuous) f : Y — Z
depends on nonempty disjoint sets Ji, Jo C J with f; continuous, then either
f is a constant function or f, is nowhere continuous.

Proposition 2.6. Let X be a product space, Z be a Hausdorff space, and Y
be a dense subspace of Xy. Let also J1 and Jo be nonempty disjoint subsets of
I, f:Y — Z be a non-constant (continuous) function that depends on J; and
Ja, and fj, is continuous. Then fj, is discontinuous at every point of mw,[Y].

Proof. Let y € Y. We shall show that f;, is discontinuous at yj,. Let
f1,(ys,) = z1, hence f(y) = z1 and fj,(ys,) = 2. Since the function f is
not constant there is x € Y such that f(z) # z1. Let f(z) = 2o, hence
fr(xg,) = z2. Since Z is a Hausdorff space we can find two disjoint open sets
U; and Us in Z such that z; € Uy and 29 € Us. The function f;, is continuous
at 27,. Therefore there is a basic open neighborhood Vj;, of 2, in X such
that fj,[Vy, N7, [Y]] C Us. Now, assume that there exists a basic open neigh-
borhood Vj, of yz, in X, such that f7,[Vy, N7[Y]] C U;. Since Y is dense
in X7 and J; N Jy = & there is t € Y such that t € 7r;11 VN 71';21 [V1,], hence
t, €eVyNmy, [Y] and tj, € Vy, ﬂﬁJz[Y]. Then f(t) = le(tJI) = sz(tJ2)7 SO
f(t) € U1 NU; = @, a contradiction. O

Corollary 2.7. Let X; be a product space, Z be a Hausdorff space, and Y be
a dense subspace of Xy. Let also J, and Jo be nonempty disjoint subsets of I,
f:Y — Z be a (continuous) function that depends on Jy and J2, and f;, and
fi5, are continuous. Then f is constant.

Example 2.3 suggests the speculation that if some f € C(Y, Z) depends on
a set J with f; discontinuous, and if f extends continuously over X, then one
can find another set J; C I with |J;| = |J| such that f depends on J; and fj,
is continuous. We show in Corollary 2.9 below that this can fail: there exist
a cardinal number a > w, a product space X, a Hausdorff space Z, a dense
subspace Y of X, and a continuous function f : Y — Z such that for every
J € [I]<%, f depends on J but f; is not continuous, and the function f can be
extended to a continuous function f on X;. (There is, however, a fragment of
Question 1.3—logically, an equivalent formulation—which survives in the face
of Corollary 2.9. We give the statement in 6.1 below.)

In what follows we take I, X;, and Y as in Theorem 2.4 with |I| > w,
Y| = ¢, and with each m;|Y : Y — [0,1] a bijection onto [0,1]; the indexing
Y = {y(n) : n < ¢} plays no further role. We note that for every set Z, every
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function f: Y — Z depends (vacuously) on each set {i} with ¢ € I. Thus, for
every f:Y — Z and & # J C I the function f; : 7;[Y] — Z is well-defined

by the rule f;(ps) := f(p) (p € Y).

Theorem 2.8. Given Y C X; = [0,1]! as above, let C = {i, : n < w} €
[I1“ (faithfully indexed) and define g : X1 — [0,1] by g(z) := > T =

n<w 27
Y oncw mgéx), Then for @ # J C I the function gy : 7;[Y] — [0,1] is continu-
ous if and only if C C J.

Proof. (We note that the series defining g converges uniformly on X, so g :
X1 — [0,1] is continuous.)

If. Let py € m;[Y] C Xy with p € Y, and let p(\); be a net in 7;[Y] (with
p(A) € Y) such that p(A\); — py. Then p(\); — p; for each i = i,, € C, so
9(p(N)) — g(p), ie., g7 (P(N) ) — gs(p).-

Only if. We show (when C' C J fails) that g; is continuous at no point
pJ € W{[Y]. B

Fix i = iz € C\J and p € Y and define q € Xy by ¢; :=p; if i #1i € I,
i, — Pix| = %. Since ¢; = p; for all i # i, in particular for all i € C\{iz},
we have |g(p) — g(q)] = 1 - =. There is a net p()) in Y such that p(\) — q.
Since p; = g5 we have p(A\); — ¢q; = ps € 7;[Y], but from the continuity of g
on X; we have g;(p(A))s = g(p(A)) — g(q) # 9(p) = gs(ps))- Thus f; is not
continuous on 7;[Y]. O

Corollary 2.9. For w < k < ¢ there are a dense subset Y of [0,1]" and
continuous [ :Y — [0,1] such that

(a) f depends on every nonempty J C k;

(b) each restricted projection w,|y : Y — [0,1], = [0,1] (n < &) is a bijection
onto [0,1];

(c) there is no J € [k]|<¥ such that f;: m;[Y] — [0,1] is continuous; and

(d) f extends to a continuous function f : [0,1]" — [0,1].

Proof. From Theorem 2.8, taking f := g|y. O

The examples just given show that a function g € C(X;,Z) may fail to
depend on a set J, even when f :=g|y : Y — Z does depend on J. We discuss
this in greater detail in Section 4.

Discussion 2.10. We draw the reader’s attention to two hypotheses in Ques-
tion 1.3.

(a) there is J € [I]<“ such that f depends on J; and

(b) ms[Y] is C(Z)-embedded in X for every nonempty J € [I]<*

We end this section with examples showing that if either (a) or (b) is not
satisfied then the resulting weaker questions can be answered in the negative.
Again we specify to the case kK = w.

Example 2.11. There are a > w, a Tychonoff product space X, a dense
subspace Y C Xy, and f € C(Y) such that 7;[Y] is C-embedded in X ; for all
nonempty J € [I]<%, but f has no continuous extension from X; to R and f
does not depend on any proper nonempty subset J € [I]<%.
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Proof. We are aware of two relevant constructions from the literature.

(1) [the case a = w] Let N denote the countably infinite discrete space. It
is shown in [1] that there is a sequence {Y) : k < w} of spaces, with in each
case N C Yy C B(N) := Xy, such that YV := II;., Y} is not pseudocompact
but Y; = ke Yy is pseudocompact whenever J € [w]<¥. It follows from
Glicksberg’s theorem [9] that 5(Y;) = ey Xy, for each J € [w]<¥ (so m;[Y] =
Y; is C*-embedded in X ), but the relation 5(Y) = <, X fails (so some
f € C*(Y) has no continuous extension from X; = Iy, Xj to R).

If f depends on some nonempty J € [w]<* then (since Y is a product space)
Theorem 3.5(a) shows f; € C*(Yy). Then f; extends to f; € C*(X ) and we
have f C fyom; € C*(Xy), a contradiction.

(2) [arbitrary o > w] Ulmer [22], [23] has given many examples, enhanced
and extended in our work [2], of a Tychonoff product space X; and a X,-
product subspace Y C X which is not C-embedded in X (so some f € C(Y)
has no continuous extension from X; to R).

If f depends on some nonempty J € [I]<* then f; € C(r;[Y]) since YV is
a Yo-space (see Theorem 3.5(b)). m;[Y] is trivially C-embedded in X ; since
77]Y] = X7, and we have the contradiction f C f;o7m; € C(X7). O

Example 2.12. There are a Tychonoff product space X; = Il;c; X;, a dense
subspace Y C X, a function f € C(Y), and J € [I]<¥ such that

(a) f depends on J,
(b) ms[Y] is C-embedded in X ;, and
(¢) f does not extend continuously over X;.

Proof. In [2, 3.2] we have shown, extending arguments introduced by Ulmer
[22], [23], that there are a Tychonoff space X = ;e X; with | X;| = |I'| = w
for each i € I', ¢ € X, and a continuous function f’ : Xp\{¢'} — [0,1]
which does not extend continuously over X;,. We arrange the notation so that
no symbol in I’ is named 0, and we set I := I’ U {0} and X, := [0,1]. Since
{¢'} x Xy is closed and nowhere dense in X7, there is a countable dense subset
{z(n) : n < w} of X; which misses {¢'} x Xy, and a routine modification of
the argument in Lemmas 2.1 and 2.2 gives a dense set £ = {y(n) : n < w},
also missing {¢'} x Xp, such that the restricted projection my|g : E — X is
an injection. (Arguing recursively one lets y(m)p = x(m)p and one chooses
(distinct) points y(m)o € [0,1] such that |y(m)o — z(m)o| < ﬁ) Since
(X1 \{¢'D\7r [E]| = |[0, 1]\7o[E]| = ¢, there is a set Y such that E CY C X
and 7/ [Y] = Xp\{¢'} and 7oy is a bijection onto Xy. We define f : Y — [0, 1]
by f(r,2') := f'(z') for (r,2’) € Y C Xo x (Xp\{¢'}) € Xo x X1 = X7.

To see that f is continuous on Y it is enough to note that if y(A) is a net in
Y such that y(A\) — y = (r,2’) € Y then y(A\)p — 2’ with y(\)p € Xp\{¢'}
and hence f(y(A\)) = f'(y(N)r) — f'(a') = f(y). Clearly f depends on the
coordinate 0 € I, i.e., f depends on J := {0} € [[]<¥, and mo[Y] is trivially
C-embedded in X since mp[Y] = Xp. Also f depends on I’ so there can be no
continuous extension f of f over Xr: According to the implication (i) = (iv)
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of Theorem 4.6 below (with our f’, I’, and f playing the role there of f, .J,
and g, respectively), the existence of such continuous f would yield f’ C f; €
C(Xy,]0,1]), a contradiction. O

Example 2.13. There is a Tychonoff product space X; = Il;c; X; such that
for every nonempty J € [I]S¥ there are a dense subspace Y C X; and a
function f € C(Y) such that

(a) f depends on J,

(b) fs is continuous,

(¢) fs does not extend continuously over X, and
(d) f does not extend continuously over X;.

Proof. Let {X; : i € I} be a set of metrizable spaces without isolated points,
let J C T satisfy 0 < |J| < w, fix p € X; and set D := X;\{p}. Some g €
C(D,[0,1]) admits no continuous extension over X, and then Y := 7, (D)
and f:=gom;|Y are as required (with f; = ¢ and 7;[Y] = D). O

3. EXISTENCE OF CONTINUOUS FACTORIZATIONS

In this section we give some conditions that imply the continuity of functions
of the form f;. We begin with the following observation.

Lemma 3.1. Let X, Y, and Z be spaces and f : X - Y, g: X — Z, and
h:Z —Y be functions such that f = hog. If f is continuous and g is open,
then h is continuous.

Proof. Take U an open set in Y. Then h=[U] = g[f~[U]]. O

Theorem 3.2. Let X be a product space, J be a nonempty subset of I, and Y
be a nonempty subspace of X1 such that m;[U NY]| = n;[Ul N7 [Y] for every
basic open set U of X;. Let also Z be a space and f € C(Y,Z) depend on J.
Then f;:m;]Y] — Z is continuous.

Proof. Since f = f;om;|y with f continuous and 77|y open, the continuity
of f; follows from Lemma 3.1. |

Lemma 3.3. Let X; be a product space, J be a nonempty proper subset of I,
and Y be a subset of X;. The set mp s[m;" (7;(y)) NY] is dense in Xp\ s for
every y € Y if and only if m;[UlNw;[Y] = m;[UNY] for every basic open set
U in X[.

Proof. Let the set mp s[m; " (75(y)) NY] be dense in X\ s for every y € Y and
U be a basic open set in X;. We shall prove that 7;[U] N7;[Y] = n;[UNY].
Let t € m;[UlN7[Y] and let z € Y be such that 2y =t and 2 ; € 7p\ s [U] N
mns[Y]. (Such a point z exists since 7 ;7" (t) NY] is dense in Xp ;.) Then
x € UNY, hence t € m;[U NY]. Therefore n;[U] N7;[Y] =n;[UNY].

Now, let w;[U]N7;[Y] = m;[UNY] for every basic open set U in X;. We shall
prove that WI\J[ﬂ'jl(ﬂ'J(y)) NY]is dense in Xp\; for every y € Y. Let y € Y
and V be a basic open set in Xy ;. Then W = 7r1_\1J [V] is a basic open set in X
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and 75 (y) € 7y [W]Nm;[Y] = m;[WNY]. Therefore there exists x € WNY such
that x; = y; and xp\; € mp (W] =V, hence z € WI\J[WEI(WJ(y)) nNY|nv.
Thus 77\ (75" (7(y)) N Y] is dense in Xp\ . O

Remark 3.4. (a) It is clear that when X7, Y and J satisfy the (equivalent)
conditions of Lemma 3.3, the function 7|y is an open map. It is useful to
note that the converse can fail. For an example, let Xy and X; be nonempty
T;-spaces with each | X;| > 1, fix (zg, 1) € Xox X7 and set Y := ((Xo\{z0}) X
X1)U{(z0,21)}. Then my|y is an open map, but m [r; (7o (w0, 21))NY], which
is the singleton set {m(zo,2z1)} = {1}, is not dense in X;. (Alternatively:
with U := Xg X (Xl\{xl}) we have xg € (7T0[U] n Wo[Y])\ﬂ'o[U N Y})

(b) In a trivial way, using Lemma 3.1, f; will be continuous provided Y is
a nonempty open subspace of a product space X; and f € C(X;,Z) depends
onJ ClI.

Theorem 3.5. Let X; be a product space, J be a nonempty proper subset of
I, a=1|J|", and Y be a nonempty subspace of X;. Let also Z be a space and
feC(Y,Z) depend on J. Then f;:7;[Y] — Z is a continuous function if

)
) lyeY]=X.(y) CY; or

) [ C LI < ) = Y] = X5 0

)[JIQIJ/ JUFWlth‘F‘<w]éﬂj/[Y]:X‘1/,’07’
)7rJ1[7rJ[Y]] Y; or

) mpslmy (s (y)) N Y] is dense in X\ s for every y € Y; or

) ]m’]TJ[ | = 74U NY] for every basic open set U in Xp; or
) ] x{¥ps} CY forsomey €Y.

Proof. Clearly (a) = (b), (b) = (c), and (c) = (d). To see that (d) = (g), let
U be a basic open set in X; and x; € 7;[U] N7;[Y] with z € U, and define
J':= JU R(U); then since 75/ [Y] = X there is y € Y such that y;» = z -,
so xy =yy € my[UNY]. We conclude that m;[U] N7;[Y] = m;[UNY]. If
(e) holds then mp ;[Y] = Xp\ s, so (f) holds, and if (f) holds then (g) holds
by Lemma 3.3. Thus by Theorem 3.2 the function f; is continuous under any
of the conditions (a), (b), (¢), (d), (e), (f), and (g). If (h) holds and h is the
natural homeomorphism from m;[Y] onto Y := 7,[Y] x {yp s}, then fly is
defined and f; = f|ys o h. (]

Remark 3.6. Theorem 3.5 serves to show that any dense subspace Y of a
product space X for which some f € C(Y,Z) depends on J C I with f; dis-
continuous must have properties in common with the spaces from our examples
in Section 2. Thus if the answer to Question 1.3 is “No” then the witnessing ex-
ample must have some of the properties of the dense spaces Y in our examples
in Section 2.
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4. FACTORIZATIONS AND CONTINUOUS EXTENSIONS

Let g € C(X1,Z), Y be a dense subset of X;, f := g|y, and J C I. We
know from Example 2.3 and Corollary 2.9 that g may fail to depend on J even
if f does depend on J. In this section we give additional conditions sufficient
to ensure that this counterintuitive phenomenon cannot occur.

Theorem 4.1. Let X; be a product space, J be a nonempty proper subset of
I, and Y be a nonempty subspace of X; such that 7;[Y] x {yp,} C Y for
somey €Y. Let also Z be a space and g € C(X1,Z) be such that the function
f:=gly depends on J. Then f; is continuous and has a continuous extension
f7:X;— Z. Therefore f has a continuous extension f : X; — Z that depends
on J.

Proof. The function f; is continuous according to Theorem 3.5(h). Let T =
Xy xA{yps} I h =gl then h : T — Z is continuous and depends on
J. Therefore, according to Theorem 3.5(h) again, the function hy : X; — Z
is continuous. Since h]lﬂ-J[Y] = f; the function f; := hy is a continuous
extension of f;. Then the function f := f; o s is a continuous extension of f
that depends on J, as required. (I

Corollary 4.2. Let X1 be a product space, J be a nonempty proper subset of
I, and Y be a dense subspace of Xy such that w;[Y] x {yp ;} C Y for some
y €Y. Let also Z be a Hausdorff space and g € C(X1,Z) be such that the
function f := g|ly depends on J. Then g depends on J.

Proof. The domain of agreement of two continuous functions from a fixed space
to a Hausdorff space is closed [7, 2.1.9], so with Z Hausdorff we have f = g in
Theorem 4.1. O

The following two corollaries are immediate from Corollary 4.2.

Corollary 4.3. Let a > w, X be a product space, Z be a Hausdorff space,
g € C(X1,7Z), J be a nonempty proper subset of I, and Y C X be a ¥, -space.
Then g depends on J if and only if f := g|ly depends on J.

Corollary 4.4. Let X; be a product space, Z be a Hausdorff space, g €
C(X1,Z), J be a nonempty proper subset of I, and Y be a dense subspace
of X1 such that Y = m;[Y] x wps[Y]. Then g depends on J if and only if
f:=gly depends on J.

The following theorem is a special case of Corollary 4.4. The countable case
(|J] € w) is mentioned without proof by N. Noble and M. Ulmer in the proof
of Proposition 2.1 in [20].

Theorem 4.5. Let X; be a product space, Z be a Hausdorff space, g €
C(X1,Z), Y; be a dense subspace of X; for every i € I, Y = [[,.;Y:, and
J be a nonempty proper subset of I. Then g depends on J if and only if
f:=gly depends on J.
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The following theorem contains conditions equivalent to the continuity of a
given factorization.

Theorem 4.6. Let X; be a product space, Z be a Hausdorff space, g €
C(X1,2),Y be a dense subspace of Xy, f:=gly, and J be a nonempty subset
of I. Then the following are equivalent.

(i) f depends on J and fj:7;[Y] — Z is continuous.

(ii) h:= 9|w;1[7r,7[Y]] depends on J.

(iii) ¢ depends on J.

(iv) f depends on J, fj is continuous, and f; has a continuous extension

fr:X;,— Z.

Proof. (i) = (ii). Let 2,y € n; ' [rs[Y]] and 2z € Y be such that z; = y; = z;.
Then there exists a net (z,) C Y with limit 2. Since g is continuous we have
(9(2a)) — 9(z). Therefore (f7((za)s)) — 9(z) for g(za) = f5((za)s) for cach
«, and since f; is continuous (f;((z4)s)) — fs(xy). Thus g(z) = fs(zs) =
fi(z5) = g(%). Similarly we have g(y) = g(z). Therefore g(z) = g(y).

(ii) = (iii). Let z,y € Xy be such that z; = y;. If x5 € 7;[Y], then
z,y € 75 [7;[Y]] and therefore g(z) = g(y) for g|7r;1[ v} depends on J. Now,

T
let 77 ¢ m;[Y]; then z,y & 7" [r;[Y]]. Since 7, [m;[Y]] is dense in X there
exists a net (z,) C 7' [7;[V]] such that (z,) — x. Then (g(z4)) — g(z) for g
is continuous. For each a, we define wq (i) = 24(4) for alli € J and wq (i) = y(4)
for all i € T \J. Tt is clear that the net (w,) — y. Then (g(wy,)) — g(y) for
g is continuous. Also, wgs,Ts € ﬂjl[ﬁJ[Y]} and (wq)y = (z4)s for every «
and since h = g\ﬂ71[m[y]] depends on J we have g(w,) = g(z,) for every a.
Therefore g(z) = g(y). Thus g depends on .J.

(iii) = (iv). If g depends on J then g is a continuous function which extends

fa-
(iv) = (i). Obvious. O

The following theorem is immediate from Theorem 4.6.

Theorem 4.7. Let X; be a product space, Z be a Hausdorff space, g €
C(X1,Z), and J be a nonempty subset of I. The function g depends on J
if and only if there exists a dense subspace Y of X such that f := g|y depends
on J and fj is continuous.

As an illustrative application of some of our results we provide now in Theo-
rem 4.10 a proof of a generalization of a classical theorem of A. M. Gleason (see
[21, p. 401], [15], or [6]). More general versions of that theorem, with different
proofs, can be found in [18], [12], or [14].

Lemma 4.8. Let a > w, X; be a product space, Y C X; be a dense subset
with |Y| < a, Z be a Ty-space such that x(Z) < «, and f € C(Y,Z). Then
there exists J € [I|S% such that f depends on J and fj is continuous.

Proof. Fory € Y let {U(y), : a € A} be alocal base at f(y) in Z with |A] < a.
Since the function f is continuous at y, for every U(y),, a € A, we can find
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a basic open neighborhood V(y), of y in X1 such that f[V(y)a NY] C U(y)q.
Let J := Uyey (Ugea R(V(y)a)). If two points z,y € Y are such that z; = y;
then f(xz) = f(y), hence f depends on J.

Now, let w € 7;[Y] and y € Y be such that w = y;. Let also U be
an open neighborhood of f;(w) = f(y) in Z. Then there exists b € A such
that f[V(y), NY] C U and since R(V(y)p) C J we have m;[V(y)s] N7;[Y] =
77V (y)p NY]. Therefore f;[m;[V(y)s] N 7s[Y]] C U. We conclude that f; is
continuous at w. ]

Lemma 4.8 can be “localized” as follows.

Corollary 4.9. Let X; be a product space, Z be a T1-space, Y C Xy, J be an
infinite subset of I, f € C(Y,Z) depend on J, y € Y, and x(f(y),Z) < |J|.
Then there exists J, C I such that |J,| = |J|, f depends on J,, and f;, is
continuous at yz, .

Proof. Let {U, : a € A} be a local base at f(y) in Z with |A] < |J|. Since
the function f is continuous at y, for every U,, a € A, we can find a basic
open neighborhood V,, of y in X such that f[V, NY] C U,. Let J, = J U
(Uaea R(V,)). Then |J,| = |J|, f depends on J,, and f;, is continuous at
YJ,- 0

Theorem 4.10. Let a > w, {X; : i € I} be a set of spaces with d(X;) < « for
each i € I, Z be a Hausdorff space with x(Z) < «, and g € C(X;,Z). Then g
depends on < a coordinates.

Proof. We assume without loss of generality, replacing Z by g[X[] if necessary,
that g : X; — Z is a surjection. Since d(X;) < « for each i € I the cellularity
co(Xr) of X1is < a (see [7, 2.3.17], [4, 3.28], [16, 5.6]). Thus, ¢(Z) < a and
since x(Z) < « and Z is Hausdorff we have |Z| < 2¢(4)x(2) = 22 (see [16,
2.15(b)]), [11]).

For z € Z let {U(z), : @ € A} be a local base at z in Z with |A] < a. The
function g is continuous, hence the set g~'[U(z),] is open for every z € Z and
every a € A. Since X7 is a product of spaces with d(X;) < « for each i € I,
the closure of every open set depends on < o many coordinates (see [4, 10.13]).
For 2 € Z and a € A, let J(z,a) € [I]S* be a nonempty set such that the set
g 1U(z)s] depends on it and let K := U,cz(Ugead(z,a)). If 2,y € X are
such that xx = yx and g(x) = z then y € g=1[U(2)s] C g7 U(2)4] for every
a € A and since Z is Hausdorff {2} = NacaU(2)q, thus y € g71(2). Therefore
g(z) = g(y), hence g depends on K. Thus, gx : Xxg — Z is continuous and
since | K| < 2% it follows from Hewitt-Marczewski-Pondiczery theorem (see [7,
2.3.15]) that Xk constains a dense set Y € [Xx]<%. Then by Lemma 4.8 (with
Xx now in place of X7) there exists J € [K]<® such that gx depends on J.
Therefore g depends on J. O

Remark 4.11. As it is clear from the proof of Theorem 4.10, the hypothesis
X(Z) < « there may be relaxed to the condition 2x(2) < 9«
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Since x(Z) < w(Z) for every space Z, Theorem 4.10 gives a proof of Theorem
10.14 in [4]:

Corollary 4.12. Let o > w, {X; : i € I} be a set of spaces with d(X;) < «
fori €1, Z be a Hausdorff space with w(Z) < «, and g € C(X;,Z). Then g
depends on < « coordinates.

The foregoing results afford several conditions which ensure that (under
suitable hypotheses) a function g : X; — Z depends on a set J C I iff the
restricted function g|y does so. We record two instances of particular interest.

Theorem 4.13. Let X; be a product space, Z be a Hausdorff space, g €
C(X1,2), J be a nonempty proper subset of I, and 'Y be a dense subset of X;.
If either

(a) [JI cl, |J/| < |J|] = WJ/[Y] =Xy, or

(b) mpslmy  (ms(y)) NY] is dense in Xy for every y €Y,
then g depends on J iff f := g|ly depends on J.

Proof. Surely if g depends on J then f = g|y depends on J. For the reverse
implications, it is enough to note from Theorem 3.5 that f; is continuous, so
the implication (i) = (iii) of Theorem 4.6 applies. O

5. ON THE COMFORT-NEGREPONTIS QUESTION (QUESTION 1.3)

In this section we give some sufficient conditions for a positive answer to the
Comfort—Negrepontis question. We begin with a workable equivalent condition
which in particular cases is readily verified (or, as in Section 2, refuted).

Theorem 5.1. Let a > w, X; be a product space, Z be a space, Y C X be
a dense subspace such that w;[Y] is C(Z)-embedded in X ; for every nonempty
J € [I]°% and f € C(Y,Z). The function f has a continuous evtension

[+ X1 — Z that depends on < « coordinates if and only if there exists a
nonempty J € [I|<% such that f depends on J and f; is continuous.

Proof. If f € C(X;,Z) depends on some nonempty J € [I]<% then f; is
continuous (see Corollary 3.2). Therefore f; is continuous.

If f depends on J and f; is continuous, then since 7;[Y] is C(Z)-embedded
in X there is f; such that f; C f; € O(X,Z). Then f := fyomsis a
continuous extension of f and f depends on J. O

It is easily seen from the proof of the above theorem that if we need to
extend a particular function f that depends on a given nonempty set J C I
then we do not require the strong hypothesis that 7;[Y] is C(Z)-embedded
in X;. We need only that f; is continuous and that it extends to continuous
f7:X; — Z. Therefore Theorem 5.1 could be restated as follows.

Theorem 5.2. Let X be a product space, Z be a space, J be a nonempty
subset of I, Y C Xy be a dense subspace, and f € C(Y,Z) depend on J. The
function f has a continuous extension f : X; — Z that depends on J if and
only if f; is continuous and has a continuous extension fj: X; — Z.
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The next theorem generalizes Theorem 1.4 and gives conditions sufficient
that the answer to Question 1.3 is in the affirmative.

Theorem 5.3. Let X; be a product space, J be a nonempty proper subset of
I, a=1|J|", and Y be a nonempty subspace of X1. Let also Z be a space and
fecC(y,z) depend on J. If

(a) Y =Xy, or
(b) yeY]=Zu(y) CY; or
(o) [JCL|T|<|J|=nmpY]=Xy; or
(d) [J’ CI,J =JUF with |F| <w] = mp[Y] = Xy;or
(e) m;l[r [ ] =Y and 7;[Y] is C(Z)-embedded in X j; or
() 7T1\J[7TJ (m7(y)) NY] is dense in Xp\; for every y € Y and m;[Y] is
C(Z)-embedded in X; or
(g) mylUIN7 Y] = ms[UNY] for every basic open set U in X and 7;[Y]
is C(Z)-embedded in X; or
(h) m;[Y] x{yp,} C VY for some y € Y and 7,[Y] is C(Z)-embedded in
Xy
then f has a continuous extension f : X; — Z that depends on J.

Proof. As in Theorem 3.5, clearly (a) = (b), (b) = (¢), (¢) = (d), and
(d) = (g). Also (e) = (f) and (f) = (g). If (g) holds then f; in continu-
ous by Theorem 3.5; thus f := f; o ms|y is a continuous extension of f that
depends on J, so under any of the conditions (a), (b), (c), (d), (e), (f), and (g)
f has a continuous extension that depends on J. Similarly, if (h) holds then f;

is continuous by Theorem 3.5; thus f has a continuous extension that depends
on J. 0

A partial answer, in the positive, to Question 1.3 is given in Theorem 5.6.

Lemma 5.4. Let X be a space, p € X, and (W,,) be a sequence of open subsets

of X such that W11 C WHX_H C W, and N, W,, = {p}. Then (W) is locally
finite at each point of X\{p}.

Proof. We are to show for p # = € X that some neighborhood U of = meets W,
for only finitely many n. Given z, it is enough to choose k such that x ¢ Wf
and to set U := X\ka O

We say as usual that a subset Y of a space X is sequentially closed if [y, € Y
and y, — p € X] = p €Y, and X is a sequential space if every sequentially
closed subset of X is closed.

Theorem 5.5. Let X be a Tychonoff space with countable pseudocharacter and
let Y be a C*-embedded subset of X. ThenY is sequentially closed in X.

Proof. Suppose there is a sequence y,, € Y such that y, — p € X\Y, and let
(Un) be a (countable) local pseudobase at p in X.

Let V,, := Up and choose y,, € V,,. Suppose that V,,, and y,, have
been defined. Let ngy; > ng be such that Yy € Vi where V, is a

Nk+19 MNk+41
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neighborhood in X of p such that V,,, ,, C kaﬂ C Vo, NU,,, and y,, ¢ Vle.
With the sequences V,,, and y,,, so defined, choose a function f;, € C'(X, [0, 1])
such that fi = 0 for £ even, and for odd k, using the Tychonoff property of X,

such that 0 < fx <1, fi(yn,) =1, and fr =0 on (X\V,,,) UV . Since the

MNp+41°
sequence V,,, \Vib(k+1 is pairwise disjoint, the function f := Xy fr : X — [0,1]
is well-defined. According to Lemma 5.4, the sequence (V},,) is locally finite
at each point of X\{p}, so the sequence ((V, \VX )NY) is locally finite

MNk4+1
in Y; thus g := f|ly € C*(Y). For each neighborhood U of p in X there is
k such that yn,,,Yny,, € U. We have y,,, ., € UNY with g(yn,.,,) = 1
and Yn,, € Vi, NY with g(yn,,) = 0. We conclude that g does not extend

continuously to p, a contradiction. (Il

Theorem 5.6. Let a < wy and S be a class of Tychonoff spaces such that if
Sp € S (n < w, repetitions permitted) then I, S, € S and U<, S, s a
sequential space. Let also {X; :i € I} C S with ¥(X;) <w for eachi € I, and
Y be a dense subspace of X; such that w;[Y] is C*-embedded in Xy for every
nonempty J € [I|<*. If f € C*(Y) and there is J € [I|<* such that f depends
on J, then f extends continuously over Xj.

Proof. By virtue of Lemma 1.2 (taking x = w and Z = R there), it suffices to
prove that 7;[Y] = X for all J € [I]<®. Take J € [I]<“. From ¢(X;) < w (all
i € J)and |J| < w it follows easily that ¥(X ;) < w, so m;[Y] is sequentially
closed in X ; by Theorem 5.5 and hence closed in X, so m;[Y] = X ;. a

Remark 5.7. The class of all Tychonoff, first countable spaces of course sat-
isfies the hypotheses required of S in the statement of Theorem 5.6, but other
less familiar classes of spaces do so as well. For example, one may take for S
the class of all Tychonoff, bi-sequential spaces (see [17, Definition 3.D.1]) with
countable pseudocharacter but not first countable. (It is known that every bi-
sequential space is sequential ([17]); the class of bi-sequential spaces is closed
under countable products ([17]); there exists a bi-sequential Tychonoff space
without countable pseudocharacter ([17, Example 10.4]); and there exists a bi-
sequential Tychonoff space with countable pseudocharacter which is not first
countable (see Example 5.8 below).)

We are indebted to Gary Gruenhage for the following example.

Example 5.8. Let K := [0,1] be the interval [0, 1] with the usual topology.
For every rational ¢ € K, choose the constant sequence S, := {¢} and for every
irrational r € K, choose a sequence S, of rational numbers in K converging to
r. Define S := U,ek S, and X := SU{oco}. Let 7 be the smallest topology on
X such that:

(1) For every q € S, {q} is T-open in X; and

(2) For every finite subset F' of S and every finite subset G of [0, 1] the set
N(oo, F,G) := {oo} U [S\(F UU,eaS:)] is a T-open neighborhood of co.

It follows from [10, Proposition 3.2] that X is bi-sequential. The family
{N(oc0,2,{q}) : ¢ € S} is countable and {oo} = NgesN(c0,d,{q}). Hence
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¥(X) = w. Now take a countable family {N (oo, ), G,) : n < w} of neighbor-
hoods of co. Choose an irrational r € K not in U,<,Gy. Then N(oo,@,{r})
contains no N (oo, Fy,,Gy), n < w. Therefore X is not first countable. Since
each of the 7-basic open sets specified in (1) and (2) is also 7-closed, the
Hausdorff space (X, 7) is a Tychonoff space.

6. CONCLUDING REMARKS

We remark that most of the results of the foregoing sections admit natural
generalizations to the x-box topology. Since these are routine and their for-
mulation adds little to our broad understanding, we leave the details to the
interested reader. We note explicitly, however, that Question 1.3 remains open
even in the case k = w.

We anticipate that Question 1.3 has a negative answer. When seeking a
positive response, however, we have been drawn to the following question, which
is closely related to Theorem 2.8. Clearly, a positive answer to 6.1 will respond
positively also to 1.3 (in the case that Z is a Hausdorff space).

Problem 6.1. Let o > w, X; be a product space, Z be a space, and Y be
a dense subspace of Xy such that 7;[Y] is C(Z)-embedded in Xy for every
nonempty J € [I|<*. If f € C(Y,Z) depends on some nonempty J' € [I|<%,
must there be a nonempty J € [I|<* such that f depends on J and fj is
continuous?

Returning finally to Question 1.3, we remark that if a counterexample exists
then there will be a product space X;, a cardinal number o > w, a dense
subspace Y of X, a space Z, and a function f € C(Y,Z) such that m;[Y]
is C(Z)-embedded in X for every J € [I]<%, f depends on some nonempty
J € [I]<%, and f does not extend continuously over X;. In particular, then,
f7 must be discontinuous for each J € [I]<* on which f depends.
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