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ABSTRACT. Let F be a set of vertices in the binary hypercube Q,,.
A set F’ of vertices in Q,, is a disjoint mirror twin of F if F’ has
the same cardinality as 7, F N F’ = (), and the number of even
vertices in F is equal to the number of odd vertices in F.

In this paper the following two results are proved. The first one
is a weaker version of Locke’s conjecture: The binary hypercube
9, with f deleted vertices of each parity is Hamiltonian if n >
f+2. The second one is a weaker version of Castaneda—Gotchev’s
conjecture: If n > 3,0 < f <n—3, and F is a set of f even and f
odd vertices of Q,, then for every pair of vertices u,v € V(Q,, — F)
with opposite parity there exists a Hamiltonian path in Q,, — F
from u to v.

Theorem 1. Let n > 2 and F be a set of vertices in Q,, of
cardinality 0 < f < mn — 2. Then there exists a disjoint mirror twin
F' of F such that the graph Q,, — (F U F’) is Hamiltonian.

Theorem 2. Let n > 3 and F be a set of vertices in Q,, of
cardinality 0 < f < mn — 3. Then for every pair of vertices u,v €
V(Q,, — F) with opposite parity there exists a disjoint mirror twin
F'of F, with {u,v}NF" = ), such that there exists a Hamiltonian
path for Q,, — (FUZF’) from u to v.

1. INTRODUCTION AND DEFINITIONS

The n-dimensional hypercube Q,, is the graph whose vertices are the
binary sequences of length n and whose edges are pairs of binary se-
quences that differ in exactly one position. A given vertex is called even
if it has an even number of 1’s in its binary representation; otherwise
the vertex is called odd.

Given a graph G = (V,€) and a set of vertices S C V(G), the sub-
graph of G induced by S is the graph whose vertex set is S and whose
edge set consists of all edges in £(G) whose endpoints are both in S. We
denote by G — S the subgraph of G induced by the vertex set V(G) \ S.
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Throughout this paper, we shall say that a vertex w is a neighbor of
a vertex v if v and v are adjacent in Q,,.

Locke’s conjecture [L] states that the binary hypercube Q,, with f
deleted vertices of each parity is Hamiltonian if n > f + 2. In 2003,
S. C. Locke and R. Stong published in The American Mathematical
Monthly a proof of that conjecture for the case f = 1 [LS]. In [CG1]
Castaneda and Gotchev proved that conjecture for every f < 4 (for
related results see [CG2]).

In the same paper the following conjecture was also stated (see [CG1,
6.3]) and verified for each f < 2 and each n > f + 3: Let n > 3 and
0< f<n-—3. If Fisasetof feven and f odd vertices of Q,, then
for every pair of vertices u,v € V(Q,, — F) with opposite parity there
exists a Hamiltonian path for 9, — F from u to v.

Here we formulate and prove weaker forms of the above two conjec-
tures. For that we need the following definition.

Definition 1.1. Let F be a set of vertices in Q,. We shall say that a
set F' of vertices in Q,, is a mirror twin of F if F' has the same car-
dinality as F, the number of even vertices in F is equal to the number
of odd vertices in F', and there is the same number of even and odd
vertices in F N F'. In the case when F N F' = O we shall call F' a
disjoint mirror twin of F.

Using the above defined terms Locke’s conjecture could be restated
as follows.

Conjecture 1.2 (Locke). Let n > 2 and F be a set of vertices in Q,
of cardinality 0 < f < n—2. Then for every disjoint mirror twin F' of
F the graph Q, — (F UF') is Hamiltonian.

The following conjecture sounds more general than Locke’s conjec-
ture but is actually equivalent to it.

Conjecture 1.3. Let n > 2 and F be a set of vertices in Q,, of car-
dinality 0 < f < n — 2. Then for every mirror twin F' of F the graph
Q, — (FUUF') is Hamiltonian.

Using the same terminology Castaneda—Gotchev’s conjecture could
be reformulated as follows.

Conjecture 1.4. Let n > 3 and F be a set of vertices in Q,, of cardi-
nality 0 < f <n—3. Then for every pair of vertices u,v € V(Q,, — F)
with opposite parity and every mirror twin F' of F, with {u,v}NF =0,
there exists a Hamiltonian path for Q, — (FUF') from u to v.
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It is easy to verify that the conjecture obtained from Conjecture 1.4
by replacing “every mirror twin” with “every disjoint mirror twin” is
equivalent to Conjecture 1.4.

In this paper we prove the following theorem which is weaker than
Locke’s conjecture since it follows from it but does not imply it.

Theorem 1.5. Letn > 2,0 < f <n—2, and F be a set of vertices
in Q, of cardinality f. Then there exists a disjoint mirror twin F' of
F such that the graph Q, — (F UF’) is Hamiltonian.

Since Theorem 1.5 follows from Locke’s conjecture, which is true
for each f < 4 and each n > f + 2, we have to prove Theorem 1.5
only for n > 7 and 5 < f < n — 2. In its proof we use the following
theorem, which is a weaker form of Castaneda-Gotchev’s conjecture
and therefore it is known to be true for each f < 2 and each n > f+3.

Theorem 1.6. Letn > 3,0 < f <n—3, and F be a set of vertices in
Q,, of cardinality f. Then for every pair of vertices u,v € V(Q,, — F)
with opposite parity there exists a disjoint mirror twin F' of F, with
{u,v} NF" = 0, such that there exists a Hamiltonian path for Q, —
(FUF') fromu to v.

2. PROOF OF THEOREM 1.6

As it is mentioned above, Theorem 1.6 is true for each f < 2 and
each n > f 4+ 3. We continue the proof by induction on f. Let fo > 3
and suppose that the claim is true for each f < fy and each n > f 4+ 3.
We shall prove the claim for f = fy and every n > f + 3. Notice that
since f > 3 we have n > 6.

Let f = fo and n > f + 3. Let also F be a set of vertices in Q,, of
cardinality f and u,v € V(Q,, — F) be a pair of vertices with opposite
parity.

Since f > 3, there must be a coordinate where not all vertices of F
agree. Suppose, without loss of generality, that it is the first coordinate.
For i € {0,1}, let V; be the subset of V(Q,,) consisting of the vertices
whose first coordinate is i. Then 1 < [V, NF| < f —1 for i € {0,1},
but also, since f > 3, one of |V, N F| and |V, N F| must be at least
two. Suppose, without loss of generality, that |[VoyNF| > 2. Then there
must be a coordinate, other than the first, where not all vertices of
Vo N F agree. Without loss of generality, suppose that it is the second
coordinate. For 4,5 € {0,1}, let V;; be the subset of V(Q,,) consisting
of the vertices whose first two coordinates are ij, and let F;; = V;; N .F.

Since Voo, Vo1 and V; all contain at least one vertex of F, we have that
| Fijl < f—2foralli,je{0,1}.
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Now, for i,j € {0,1}, let Q¥ be the subgraph of Q,, induced by V;.
Then each Q¥ is an n — 2-dimensional hypercube, and since |F;;|+3 <
(f—2)+3=f+1<n-—2, we can apply the induction hypothesis for
each pair of vertices of opposite parity in Q¥ — F;.

Case 1. u,v € V(QY — Fyp).

According to the induction hypothesis, applied for u,v € V(Q% —
Foo), there exists a disjoint mirror twin Ff, of Foo, with {u, v}NF, = 0,
such that there exists a Hamiltonian path ~ for Q% — (Fyo U Fp,) from
u to v. The length of 7 is 2"7% — 2|Fg| — 1. Since n > 6 we have that

2"2 2| Fpol —1>2"%—-2(n—5)—1>2(n—3)>2f

Therefore if we project all vertices from F onto Q% (parallel to the first
two coordinates), there will be at least two consecutive vertices ugg and
vgo in vy that are not projections of any vertices from F. Without loss of
generality, we can assume that vy is closer to u in v than ug. Denote
by 1 the path defined by ~ from u to vgg and by 75 the path from ugg to
v. Denote also the neighbors of ugy and vy in Vy; and Vi, respectively,
by vo1, up1 and vyg, u19, and their neighbors in Vi1 by wqyy, v11.

Clearly, none of the vertices ugy, vo1, U109, 10, U11, Or v1; belong
to F. Therefore we can apply the induction hypothesis for g, vg; €
V(QO — Fy1) to find a disjoint mirror twin Fj; of Fo; in Q%' such that
{uo1,v01} N F}, = 0 and a Hamiltonian path ~3 for Q% — (Fo; U Fy;)
from wug; to vp;. In the same way, applying the induction hypothesis
for wyg,vip € V(QX — Fjy) we can find a disjoint mirror twin Fj, of
Fio in QL such that {uig,v10} N Fj, = @ and a Hamiltonian path 7,
for QL0 — (Fio U F|y) from wuyg to vyg. Finally, applying the induction
hypothesis for uyy,vy; € V(QM —Fi1) we can find a disjoint mirror twin
Fi, of Fip in QM such that {uy1, vy }NF]; = 0 and a Hamiltonian path
75 for QM — (Fi1 UF,) from uyy to vyy. Then F' = Fl,UFy UF|UF;,
is a disjoint mirror twin of F and the path

" V3 V5 V4 V2
U — Voo — U1 — Vo1 — U311 — V11 — U190 — V10 — Upp — V

is the required Hamiltonian path from u to v for Q,, — (F U F’).

Case 2. u € V(QY — Fy), v € V(Q? — Fyp).

Since |F| = f < n — 3 and Q% has dimension n — 2, if we project
all vertices from F onto Q% (parallel to the first two coordinates),
there will be at least one neighbor vy € Vyo of u which will not be
a projection of any vertex from F. Denote the neighbor of vy in Vy;
by wg1, in Vig by w9, and their neighbor in V;; by vy;. For the same
reason, if we project all vertices from F onto QY, there will be at least
one neighbor vy, € Vo1 of ugy, which will not be a projection of any
vertex from F. Denote the neighbor of vg; in Vi1 by uy;.
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Clearly, none of the vertices vy, o1, Vo1, %11, V11, Or ujg belong
to F. Therefore we can apply the induction hypothesis for u, vy €
V(QY — Fyo) to find a disjoint mirror twin Fp, of Foo in Q% such that
{u,v90} N F)y = O and a Hamiltonian path v, for Q% — (Foo U Fy)
from u to vg;. In the same way, applying the induction hypothesis
for ugy,ve1 € V(Q% — Fy1) we can find a disjoint mirror twin JFj; of
For in Q% such that {ug,ve1} N F) = 0 and a Hamiltonian path
v for Q% — (Fo; U Fyy) from wgp to ver. Also, applying the induction
hypothesis for uy1,vy; € V(QM —Fi1) we can find a disjoint mirror twin
Fi, of Fip in QM such that {uy1, vy }NF]; = 0 and a Hamiltonian path
3 for QI — (F1  UF],) from uy; to vyy. Finally, applying the induction
hypothesis for uy, v € V(QX — Fyg) we can find a disjoint mirror twin
Fio of Fig in QL0 such that {uyg, v} NFj, = 0 and a Hamiltonian path
vy for QL0 — (F1gUF],) from uyg to v. Then F' = FhyUFy UF;,UF],
is a disjoint mirror twin of F and the path

7 V2 V3 Ya
U — Vgo — U1 — Vo1 — U11 — V11 — U190 — V

is the required path from u to v for Q,, — (F U F’).

Case 3. u € V(QY — Fy), v € V(QI — Fiy).

Since |F| = f < n — 3 and Q% has dimension n — 2, if we project
all vertices from F onto QY (parallel to the first two coordinates),
there will be at least one neighbor vy € Vyg of v which will not be a
projection of any vertex from F. Denote the neighbor of vy in Vy; by
ug;. For the same reason, if we project all vertices from F onto Q%
(again parallel to the first two coordinates), there will be at least one
neighbor vg; € Vo1 of ugy, which will not be a projection of any vertex
from F. Denote the neighbor of vy; in Vi1 by uq;.

Clearly, none of the vertices vgg, uo1, vo1, or u1; belong to F. There-
fore we can apply the induction hypothesis for u, vgg € V(QY — Fog) to
find a disjoint mirror twin F, of Foo in Q% such that {u, voo}NFpy = 0
and a Hamiltonian path v, for Q% — (Foo U FY,) from u to vg;. In the
same way, applying the induction hypothesis for ugy,ve; € V(QO —
Fo1) we can find a disjoint mirror twin Fj; of Fo; in Q% such that
{uo1,vo1} N Fy; = 0 and a Hamiltonian path 7, for Q% — (Foy U FY)
from wg; to vp;. Also, applying the induction hypothesis for w1, v €
V(QM — Fiy) we can find a disjoint mirror twin Fj; of Fy; in Q! such
that {u11,v11}NF]; = 0 and a Hamiltonian path v for Q! — (F; UF],)
from w1 to vqg.

The length of 7 is 272 — 2|F;| — 1. Since n > 6 we have that

2"2 2| F | —1>2"2%-2(n—5)—1>2(n—3)>2f.
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Therefore if we project all vertices from F onto Q! (parallel to the
first two coordinates) there will be at least two consecutive vertices
and v{; in v that are not projections of any vertices from F. Without
loss of generality, we can assume that v}, is closer to uq; in v than ;.
Denote by 73 the path defined by « from w;; to v}; and by 74 the path
from u/}, to v. Denote also the neighbors of u}, and v}, in Q% by v
and (ANE

Since vy and uyp do not belong to F we can apply the induction
hypothesis for ujg,v19 € V(QX — Fjg) to find a disjoint mirror twin
Fio of Froin Q% with {uyg,vi0} NFjy = 0, and a Hamiltonian path 73
for Q10 — (Fyo U F],) from uyg to vig. Then F' = Fj, U F) U F,UF],
is a disjoint mirror twin of F and the path

Y1 Y2 3 / 5 / Y4
U —— Voo — Up1 — Vo1 — U1 — VU — U190 —> V10 — Uy — U

is the required path from u to v for Q,, — (F U F’).

3. PROOF OF THEOREM 1.5

As it is mentioned above, the claim is true for each f < 4 and each
n > f 4+ 2. We continue the proof by induction on f. Let fy > 5 and
assume that our claim is true for each f < fy and each n > f + 2. We
shall prove our claim for f = fy and every n > f + 2. Notice that since
f>5wehaven > 7.

Let f = foand n > f + 2. Let also F be a set of vertices in Q,, of
cardinality f.

Since f > 5, there must be a coordinate where not all vertices of F
agree. Suppose, without loss of generality, that it is the first coordinate.
For i € {0,1}, let V; be the subset of V(Q,,) consisting of the vertices
whose first coordinate is i. Then 1 < [V,NF| < f — 1 for ¢ € {0,1},
but also, since f > 5, one of |V, N F| and |V, N F| must be at least
three. Suppose, without loss of generality, that [V, N F| > 3. Then
there must be a coordinate, other than the first, where not all vertices
of VoNJF agree. Without loss of generality, suppose that it is the second
coordinate. For i,5 € {0,1}, let V;; be the subset of V(Q,,) consisting
of the vertices whose first two coordinates are ¢j, and let F;; = V;; N F.
Since [Vy N F| > 3, either |Fyo| or |Foi| must be at least two; suppose
without loss of generality that |Fgg| > 2. This means that Vy, contains
at least two vertices of F and Vy; and V; each contain at least one,
so we conclude that |Foo| < f—2, |For| < f —3, |[Fo] < f—3 and
|Fii| < f—3. B

Now, for 4,5 € {0,1}, let Q¥ be the subgraph of Q,, induced by V;;.
Then each Q¥ is an n — 2-dimensional hypercube, and since |Fyo| +2 <
(f—2)+2=f <n—2, we can apply the induction hypothesis for



ON TWO CONJECTURES ABOUT FAULTY HYPERCUBES 7

QY — Fyo to find a disjoint mirror twin Fy, of Foo and a Hamiltonian
cycle v for Q% — (FooUFy,). The length of 7 is 272 — 2| Fyo| and since
n > 7 we have

22 2| Fool > 2% = 2(n — 4) > 2(n —2) > 2f.

Therefore if we project all vertices from F onto Q% (parallel to the
first two coordinates) there will be at least two consecutive vertices ugg
and vy in v that are not projections of any vertices from F. Denote
by 7 the longer path defined by ~ from wugg to vgg. Denote also the
neighbors of ugg and vy in Vy; and Vg, respectively, by vg1, ug; and
V10, U10, and their neighbors in Vi1 by uqy, v11.

Clearly, none of the vertices g1, vo1, u10, V10, U11, Or v11 belong to
F. Now, since we know that |Fo1|+3 < (f—3)+3 = f <n—2, we can
apply Theorem 1.6 for ugy,ve; € V(Q% — Fo;) and to find a disjoint
mirror twin Fj; of Fo; in Qg such that {ug;,ve1} N Fy = 0 and a
Hamiltonian path v, for Q% — (Fy; UF},) from ug; to vg;. In the same
way, applying Theorem 1.6 for uiy,v1; € V(QM — Fi1) we can find a
disjoint mirror twin Fj; of Fy; in Q! such that {uyy, vy JNF]; = 0 and
a Hamiltonian path ~3 for Q' — (F1; U F];) from uy; to vy;. Finally,
applying Theorem 1.6 for uig, v1g € V(QL° — Fiy) we can find a disjoint
mirror twin Fj, of Fio in QY such that {uj,vio} N Fjy = 0 and a
Hamiltonian path ~4 for QI° — (Fjy U Fj,) from ujy to vi. Then
F' = FloUF UF|yUF is a disjoint mirror twin of F and the cycle

Y1 Y2 Y3 Y4
Upop — VYoo — Uo1 — Vo1 — U1 — V11 — U0 — V10 — U0

is the required Hamiltonian cycle for Q,, — (F U F").
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