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ABSTRACT. We discuss the existence of vertex disjoint path coverings
with prescribed ends for the n-dimensional hypercube with or without
deleted vertices. Depending on the type of the set of deleted vertices and
desired properties of the path coverings we establish the minimal integer
m such that for every n > m such path coverings exist. Using some of
these results, for k < 4, we prove Locke’s conjecture that a hypercube
with k deleted vertices of each parity is Hamiltonian if n > k 4 2. Some
of our lemmas substantially generalize known results of I. Havel and T.
Dvotrdk. At the end of the paper we formulate some conjectures supported
by our results.

1. INTRODUCTION

The n—dimensional binary hypercube @, is the graph whose vertex set
V(Q,,) consists of all binary sequences of length n and whose edge set £(Q,,)
consists of all pairs of binary sequences that differ in exactly one position. In
recent years some attention has been given to the problem of finding Hamilton-
ian cycles or maximal cycles in the n—dimensional binary hypercube Q,, with
faulty vertices or with faulty edges.

In [18] Parkhomenko illustrates some techniques of constructing cycles with-
out faulty edges or vertices in low dimensional hypercubes. His methods rely
on a classification of Hamiltonian cycles for hypercubes of dimension 4 or less.

Caha and Koubek [8] and Dvotédk [10] have addressed the problem of pre-
scribing a set of edges P through which a Hamiltonian cycle in Q,, must pass.
The best theorem in this direction known to us is the following:

Theorem 1.1. (Dvorék [10]) Let P be a set of edges in Q,, such that each
connected component of the subgraph generated by P is a simple path. If the
cardinality of P is less than or equal to 2n — 3, then there exists a Hamiltonian
cycle in Q,, that passes through each edge in P.
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Dvordak’s proof uses two lemmas about covering the vertices of Q,, by vertex
disjoint paths with prescribed ends. The first one, called Havel’s lemma, states
that given any two vertices of opposite parity in Q,,, with n > 1, there exists
a Hamiltonian path with these two vertices as endpoints [13, Proposition 2.3].
Dvorak generalizes this lemma as follows:

Lemma 1.2. (Dvordk [10]) Let n > 2, aj,as be two distinct vertices of
the same parity, and by, by be two distinct vertices of the opposite parity in the
hypercube Q,,. Then there exist two vertex-disjoint paths, one joining a; to by
and the other joining as to by, such that each vertex of Q,, is contained in one
of these paths.

One of the main ingredients in the proof of Dvorak’s theorem is the existence
of a covering of the vertices of Q,, by vertex disjoint paths with prescribed end
vertices. In this article we address the existence of such path coverings with
prescribed end vertices for the hypercube with or without deleted vertices.
More specifically, we investigate what is the minimal dimension m of the hy-
percube Q,, such that for every n > m and every set F of M > 0 deleted
vertices from Q,, such that the absolute value of the difference of the numbers
of the deleted vertices of the two parities is C', there exists a path covering of
Q,, — F with N paths whose end vertices are with different parity and O paths
whose end vertices are of the same parity, where all of the end vertices of these
paths belong to an arbitrary set of non-deleted vertices. The exact meaning of
these words can be found in Section 2 where more precise definitions are given
including the definition of the symbol [M, C, N, O] that represents the number
m mentioned above.

The main results of this paper are contained in the last 4 sections. Section
3 deals with special cases where the numbers M, C, N, and O are small and
in many of those cases we use pictorial proofs. In Section 4 we use words
to represent paths in the proofs and we study cases of larger numbers of M,
C, N, or O. In particular, in that section, we generalize Dvotfak’s lemma
(see Lemma 4.7). Section 5 contains general results that allow us to establish
connections between different values of [M, C, N, O]. These three sections also
contain, for & < 4, a proof of Locke’s conjecture that a hypercube with k
deleted vertices of each parity is Hamiltonian if n > k + 2. In Section 6 we
state some conjectures supported by our results and we give some concluding
remarks. Appendix A contains a proof of a claim for n = 4 that we found
difficult to verify by inspection. In a table in Appendix B we summarize many
of the results contained in this paper.

2. SOME DEFINITIONS

To simplify the explanations that follow we introduce the following termi-
nology and conventions. A path covering of a graph is a set of vertex disjoint
paths that cover all the vertices of a given graph. k—path covering is a path
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covering by exactly k paths. Sometimes we call the end vertices of a path
ends or terminals. A vertex of Q,, is called even (odd) if it has an even (odd)
number of 1’s. A transformation that changes the values of a fixed entry for all
the vertices of Q,, induces an automorphism of the hypercube that sends even
vertices to odd vertices and vice versa. Therefore, any statement about Q,, in
terms of even and odd vertices has an equivalent dual statement obtained when
the references to even and odd vertices are interchanged. For convenience, we
call the vertices of one parity red and the vertices of the opposite parity green
without specifying which are even and which are odd.

A fault F in Q,, is a set of deleted vertices. The mass M of a fault F is the
total number of vertices in the fault. The charge C of a fault is the absolute
value of the difference between the number of red vertices and the number of
green vertices. We say that a fault is neutral if its charge is zero. When the
endpoints of a path are of the same parity we say that the path is charged;
otherwise the path is neutral. Regarding a pair of vertices we say that the pair
is charged if the two elements in the pair are of the same parity and that the
pair is neutral if the two elements are of opposite parity. If the two elements
of a charged pair of vertices are red (green) we say that the pair is red (green).

Let M be any nonnegative even number and let Aj; be the set of positive
integers m with the property that if n > m then Q, — F is Hamiltonian
for every neutral fault F of mass M in Q,. The set A is nonempty (see
[17]). We denote by [M] the smallest integer in this set. It is clear that
[0] = 2 since Q,, is Hamiltonian if n > 2, and [2k] > k + 2 since if k vertices
adjacent to a given vertex are removed from Q1 then the resulting graph is
not Hamiltonian. In Problem 10892 of The American Mathematical Monthly
[16] S. Locke conjectures that [2k] = k + 2 for every nonnegative integer k. A
proof of [2] = 3 is contained in [17] and a proof of [4] = 4 was known to S. Locke
(personal communication). To the best of our knowledge Locke’s conjecture in
its full generality remains unsolved. In Lemmas 3.8, 4.5, and 5.12, we prove
that [2k] =k + 2 for k = 2,3, 4.

Let r(F) be the number of red vertices and g(F) be the number of green
vertices in a fault F of Q,,. Let also £ be a set of disjoint pairs of vertices of
Qn, 7(€) be the number of red pairs in £, and ¢g(£) be the number of green
pairs in £. We say that the set of pairs £ is in balance with the fault F if all the
vertices in the elements of £ are from Q,, —F and r(F) — g(F) = g(&) —r(E).
Since Q,, is a bipartite graph with the set of even vertices and the set of odd
vertices as partite sets, a necessary condition for a set £ of pairs of vertices to
be the set of endpoints of a path covering of Q,, — F is that £ to be in balance
with F.

Definition 2.1. Let M,C, N,O be nonnegative integers and F be a fault
of mass M and charge C in Q,,. We say that one can freely prescribe ends for
a path covering of Q, — F with N neutral paths and O charged paths if
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(i) there exists at least one set £ of disjoint pairs of vertices that is in
balance with F and contains exactly N neutral pairs and O charged
pairs; and

(ii) for every set & of disjoint pairs of vertices that is in balance with F
and contains exactly N neutral pairs and O charged pairs there exists
a path covering of Q,, — F such that the set of pairs of end vertices of
the paths in the covering coincides with £.

It is easy to see that if in Q,, there exists a fault F of mass M and charge C,
and a set of pairs of vertices £ that is in balance with F and contains exactly
N neutral pairs and O charged pairs, then 2" > M 4+ C + 2N + 20.

Definition 2.2. Let Ap;c N0 be the set of nonnegative integers m such
that

(i) m >logy [M + C + 2N + 20]; and

(ii) for every n > m and for every fault F of mass M and charge C in Q,,
one can freely prescribe ends for a path covering of Q,, — F with N
neutral paths and O charged paths.

We let [M,C, N, O] denote the smallest element in Ay c n,0 if this set is
nonempty.

For example, Havel’s lemma quoted above is the statement [0,0,1,0] = 1
and Dvordk’s lemma is the statement [0,0,2,0] = 2.

3. SOME CASES OF SMALL FAULTS OR SMALL SETS OF PRESCRIBED END
VERTICES

In the statements below, since only a few vertices are deleted from Q41
and we are looking for path coverings with just a few paths, it is convenient to
illustrate the proofs by using diagrams. In these diagrams the hypercube Q, 11
is viewed as two copies of the n—dimensional hypercube which we call top plate
and bottom plate and we denote by fofl and Q! respectively. The edges
connecting the two plates are called bridges. We mark on the diagrams only
the vertices that are relevant for the proof. To distinguish their colors (parity)
we mark the red vertices with stars and leave the green ones unmarked. The
prescribed ends of each path are represented by the same geometric figure
(triangle, square, etc.) and for different paths we use different figures. The
deleted vertices are represented by big circles with a star inside if they are red
or a minus inside if they are green. For the proof of a given lemma we usually
produce connections on the plates that are guaranteed by previous lemmas or
by an induction hypothesis and then we use bridges to connect paths from the
top plate to paths from the bottom plate. Sometimes the paths from a plate
are cut at certain places and the cut points are connected to the other plate
by bridges. In such cases we say that we perform surgery. The vertices at
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which we do cuts are represented by tiny circles. The variables r, 71,72, ... are
reserved to represent red vertices and the variables g, g1, g2, ... are reserved to
represent green vertices.

The following lemma that qualifies ©,, as a hyper-Hamilton laceable graph
was proved by Lewinter and Widulski [15, Corollary 4].

Lemma 3.1. ([1,1,0,1] = 2) Let n > 2 and d be any vertex in Q,,. Then
one can freely prescribe ends for a charged Hamiltonian path of Q,, — {d}.

Corollary 3.2 below is a refinement of Havel’s lemma and follows directly
from [0,0,2,0] = 2 and [1,1,0,1] = 2. It also appears as Corollary 3.4 in [10]
and therefore is given here without proof.

Corollary 3.2. Letn > 2, r and g be a red and a green vertex in Q,,, and
e be an edge different from {r, g}. Then there exists a Hamiltonian path of Q,
that connects r to g and passes through e.

The following lemma is a solution to the first part of Problem 10892 proposed
by S. Locke in The American Mathematical Monthly [16]. For the solution
published in The Monthly see [17]. We present a different proof.

Lemma 3.3. ([2] =3) If n > 3 then Q,, — F is Hamiltonian for any neutral
fault F of mass 2.

Proof. Produce two plates that separate the deleted vertices r and g and
assume that the deleted red vertex r is on the top plate. Find two bridges with
green vertices on the top plate that do not contain the deleted vertices. Use
[1,1,0,1] = 2 to produce a Hamiltonian path of Q%P — {r} that connects the
top vertices of the bridges. Use [1,1,0,1] = 2 to produce a Hamiltonian path of
Qbot — L4} that connects the lower vertices of the bridges. The paths produced
on the plates connected by the bridges form the desired Hamiltonian cycle in
9o, —F. O

Lemma 3.4. Letn > 2, r be a red vertex and g1, go be two green vertices
in Q,,. Then there are at least n—1 Hamiltonian paths of @, —{r} that connect
g1 to go, all starting with different edges.

Proof. The proof is by induction. The statement is obvious for n = 2.
When n = 3 there are only two cases to consider: r belongs to the same two
dimensional subcube that contains g; and g2 and r does not belong to it. In
each one of these cases it is routine to construct the required two paths.

Now let n > 4. Produce two plates to separate the two green vertices.

Case 1. r and g; are on the top plate and go is on the bottom plate.

Let g be any green vertex on the top plate different from ¢, and r; be the
vertex of Q%! that is adjacent to g. By the induction hypothesis there are at
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least n—2 Hamiltonian paths of Q'? —{r} that connect g to g all starting with
different edges from g;. Extend each of these paths to produce a Hamiltonian
path of Q,, — {r} that connects g; to g2 by adding the bridge {g,r1} and then
a Hamiltonian path of Q%°* that connects 71 to go. The latter path exists since
[0,0,1,0] = 2. Finally, let 7o be the vertex of Q%* that is adjacent to g;. We
produce a Hamiltonian path of Q,, — {r} that connects g; to g, and starts with
the bridge {g1,r2} as follows. Produce a Hamiltonian cycle of Q%P — {g1,r}.
Such cycle exists since [2] = 3. Cut this Hamiltonian cycle at two consecutive
vertices whose adjacent vertices on Q% are a green vertex gz # go and a red
vertex r3 # ry. Such consecutive vertices exist since the length of the cycle
is at least six. Produce a 2—path covering of Q%* with one path connecting
ro to g3 and the other connecting rs to go. Such path covering exists because
[0,0,2,0] = 2. We obtain the desired Hamiltonian path of Q,, — {r} by adding
to the pieces so far produced the bridge {g1,72}.

Case 2. r and g, are on the top plate and g; is on the bottom plate.

We can assume that r and g; are not adjacent; otherwise, we could separate
r, g1, and go as in Case 1. Let r; be the neighbor of g; on the top plate,
gs # g2 be any green vertex on the top plate, ro be the neighbor of g3 on the
bottom plate, and g4 # g1 be adjacent to ry on the bottom plate. According
to the induction hypothesis there exist n — 2 Hamiltonian paths in Q% — {ry}
that connect g; to g4 that all begin with different edges. Similarly, there exist
n —2 Hamiltonian paths in QP — {r} that connect gs to g3 that all begin with
different edges. Let « be one of these paths. Each Hamiltonian path on the
bottom plate could be connected by means of the edge {g4,72} and the bridge
{r2,g93} to 7. In that way, we produce n — 2 Hamiltonian paths of Q,, — {r}
connecting ¢ to go and all beginning with different edges.

Now, to produce the (n — 1)-th Hamiltonian path of Q,, — {r} that connects
g1 to g2 and begins with a different edge we proceed as follows. Produce a
Hamiltonian path of Q%P that connects 7 to go. Cut this path just before and
right after r and produce two bridges. Let their ends on the bottom plate be
r3 and 74. Then there exists a Hamiltonian path for Q% — {g;} that connects
r3 to r4 ([1,1,0,1] = 2). Then the desired Hamiltonian path of Q,, — {r} that
connects g; to gs is obtained by connecting the paths constructed on the plates
by means of the bridges after removing the edges incident to r from the path
on the top plate and attaching the edge {g1,71} to the resulting path. O

Let a be a vertex in @,,. There is a unique vertex a in @Q,, at distance n from
a. The coordinates of @ are the negation of the corresponding coordinates of a.

Let {r,g} be a pair of a red and a green vertex in Q3. We define the set of
pairs of vertices By, 4y in the following way: if r = g then {r',¢'} € By, 4 if
and only if {r',¢'} # {r,g} and v’ = ¢/; if 7 # g then By, o, = {{F. 5}}.

Lemma 3.5. Let r,g be a red and a green vertex in Qs, and let r, g, be
a red and a green vertex in Q3 — {r,g}. Then
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(1) If{r1,91} & By 4y then there exists a Hamiltonian path of Q3 — {r, g}
that connects r1 to g;.

(2) If {r1,q1} € By g4y then there does not exist a Hamiltonian path of
Qs — {r, g} that connects r1 to ¢.

(3) If {r1,91} € Byy4y then there exist two distinct 2—path coverings of
Qs —{r, g}, with four distinct end points, with one path starting at ry,
the other starting at g, and both paths of length two.

(4) There exist two distinct 3—path coverings of Qs — {r, g} with paths of
length one.

Proof. By inspection. (]

Lemma 3.6. ([2,0,1,0] =4) Let n > 2 and r,71,g,91 be two red and two
green vertices in Q,,. If n = 2 or n > 4 then there exists a Hamiltonian path for
Q. — {r1,91} connecting r to g. If n = 3 the same conclusion follows provided

{7'7 g} ¢ B{rl,g1}'

Proof. The statement is obvious for n = 2 and for n = 3 the claim is
contained in Lemma 3.5(1). Also, Lemma 3.5(2) shows that [2,0,1,0] > 4.

Now, let n > 4. Produce two plates to separate r from r; and assume that
r1 is on the top plate. Then g and g; can be distributed in four different ways:

(1) both are on the top plate;

(2) g is on the top plate and g; is on the bottom plate;

(3) ¢1 is on the top plate and g is on the bottom plate; and
(4) both are on the bottom plate.

The following diagrams show how to handle these cases.

(1) Use [1,1,0,1] = 2 to produce a path covering of the
top plate connecting the green terminal g to the deleted
green vertex g; avoiding the deleted red vertex r;. Cut
this path just before the deleted green vertex and produce
a bridge from the cut vertex. Use [0,0, 1,0] = 1 to produce
a Hamiltonian path of the bottom plate that connects the
lower vertex of the bridge to the red terminal r.

(2) Find a bridge with green vertex on the top different
from ¢ and red vertex on the bottom different from r.
Use [1,1,0,1] = 2 to connect the green terminal to the
bridge avoiding the red deleted vertex. Use [1,1,0,1] =2
to produce a Hamiltonian path of the bottom plate that
connects the lower vertex of the bridge to the red terminal
avoiding the deleted green vertex.
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(3) Find a bridge with green vertex on the top different

from ¢; and red vertex on the bottom different from r.

Use [1,1,0,1] = 2 and Lemma 3.4 to connect the upper

vertex of the bridge to the deleted green vertex avoiding
the deleted red vertex and making sure that the vertex im-
mediately next to the deleted green vertex along the path
) is not adjacent to the green terminal on the bottom plate.
— Cut the path just before the deleted green vertex and pro-
duce a bridge from the cut vertex. Use [0,0,2,0] = 2 to
produce a 2—path covering of the bottom plate that con-
nects the lower vertices of the bridges to the appropriate
terminals.

.\ (4) Find a bridge with a red vertex on the bottom plate
different from r. Use [1,1,0,1] = 2 to connect the red
terminal on the bottom plate to the lower vertex of the
bridge avoiding the green deleted vertex. This path must
pass through the green terminal. Cut the path just before
> the green terminal and produce another bridge at the cut

®

b vertex. On the top plate use [1,1,0,1] = 2 to connect
the upper vertices of the bridges avoiding the red deleted
vertex. (]

Corollary 3.7. Let n > 4 and F be any neutral fault of mass 2 in Q,.
Then for any edge e in Q,, — F there exists a Hamiltonian cycle of Q,, — F that
contains e.

Lemma 3.8. ([4] =4) Let n > 4 and F be any neutral fault of mass 4 in
Q,,. Then Q,, — F is Hamiltonian. The claim is not true for n = 3.

Proof. Since [2k] > k + 2 for each integer k > 0, we have [4] > 4.

Let n > 4, r1, 72 be the two red, and ¢;, g2 be the two green vertices in F.
Split Q,, into two plates with r; on the top plate and r3 on the bottom plate.
There are two essentially different cases that depend on the distribution of the
green deleted vertices between the plates.

Case 1. The two deleted green vertices are on the top plate.

Use [1,1,0,1] = 2 to produce a path on the top plate that connects the two
deleted green vertices and visits all the vertices of the top plate except the
deleted red vertex. From the vertices immediately next to the deleted green
vertices along the constructed path, produce bridges to connect to the bottom
plate. Use [1,1,0,1] = 2 to connect the lower vertices of these bridges by a
path on the bottom plate that visits all the vertices of the bottom plate except
the deleted red vertex. To produce the desired Hamiltonian cycle in Q,, — F
remove from the path constructed on the top plate the edges connecting to
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the deleted green vertices and attach to the resulting path, by means of the
bridges, the path constructed on the bottom plate.

Case 2. g1 is on the top plate and gs is on the bottom plate.

We produce a Hamiltonian cycle of Q%P — {r1, g1} using [2] = 3. Along this
cycle find two consecutive vertices 73, g3 with adjacent vertices on the bottom
plate g4 and ry4, respectively, with g4 # go and r4 # 72, and such that g4 is
adjacent to ro. This last requirement is important for n = 4 but irrelevant
for higher dimensions. It guarantees that {rs, g4} & By, g,3 When the bottom
plate is isomorphic to Qs. (To see that such vertices r3 and g3 exist just take g4
to be a neighbor of 75 in Q%°* — {g,} which is not a neighbor of r; (since n > 4
such a neighbor exists). Then denote by 73 the neighbor of g4 in Q%P. Clearly
r3 will be different from r; and will belong to the Hamiltonian cycle on the top.
Now take g3 to be a neighbor of r3 in that cycle which is not a neighbor of r3.)
Then using [2,0, 1,0] = 4 we can produce a Hamiltonian path of Q%! — {7, g2}
that connects r4 to g4. The desired Hamiltonian cycle of Q,, — F is formed by
connecting the path on the bottom plate to the cycle on the top plate by mean
of the bridges {rs, g4}, {rs, g3} and, of course, removing the edge {rs,g3}. O

For the sake of brevity, from now on, we adopt the following conventions
for the proofs using diagrams. The paths drawn on each plate are assumed
to form path coverings of that plate so we indicate in the diagram just what
vertices are connected by these paths. From the diagram it will be clear which
vertices are avoided by the path covering. A sentence such as “we find a bridge
with green at the top” means that we select a green vertex on the top plate
such that neither it nor its adjacent vertex on the bottom plate is a terminal
or a deleted vertex, and we produce the bridge between these two vertices. A
sentence such as “we choose two adjacent bridges along this path to do surgery”
means that 1) we select two consecutive vertices along the mentioned path such
that neither them nor their adjacent vertices on the other plate are terminals
or deleted vertices; 2) we produce bridges from the selected vertices to the
other plate; and 3) we remove the edge that connects the selected vertices. At
the end of each construction, when we produce the final path covering, all the
edges of the original path covering that were connected to deleted vertices, if
such edges exist, must be cut out. The desired path covering is formed by the
paths that connect figures of the same color and shape to each other. These
paths should be clear to the reader from the diagrams.

The following lemma was independently obtained by Caha and Koubek [9,
Corollary 10]. However their proof is too involved. We provide here a simpler
and direct proof.

Lemma 3.9. ([0,0,0,2] = 4) Let n > 3 and r,r1,9,91 be two red and
two green vertices in Q,. If n > 4 then there exists a 2—path covering of
Q,, with one path connecting r to r1 and the other connecting g to gi. If
n = 3 the same conclusion holds provided that r and ry are contained in a
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two dimensional subcube o of Qs and exactly one of the vertices g or g; is
contained in .

Proof. The claim is straightforward for n = 3. Also, one can directly verify
that if r and r; are contained in a two dimensional subcube « of Q3 and
none or both of the vertices g and g; are contained in « then there does not
exist a 2—path covering of Q3 with one path connecting r to r; and the other
connecting g to ¢g1. Therefore [0,0,0,2] > 4.

Let n > 4. Split Q,, into two plates that separate the two red terminals. We
can assume that 7 € QP and r; € QP! There are two essentially different
cases that depend on the distribution of the green terminals between the plates:
(1) the two green terminals are on the top plate; and (2) g is on the top plate
and g; is on the bottom plate. These cases can be handled as explained in the
following diagrams.

(1) Use [1,1,0,1] = 2 to find a Hamiltonian path of QP —
{r} that connects g to g;. Connect the top red terminal r
to the bottom plate by a bridge. Use [0,0,1,0] = 1 to find
a Hamiltonian path of the bottom plate that connects the
lower vertex of the bridge to the red terminal r; on the
bottom plate.

(2) Use [0,0,1,0] = 1 to produce a Hamiltonian path
of the top plate that connects the two terminals. While
traversing the path starting from the green terminal, find
an edge whose first vertex is green and such that the ad-
jacent vertices on the bottom are not terminals. Produce

—e——

o) bridges from the vertices of this edge. Use [0,0,2,0] = 2 to
produce a 2—path covering of the bottom plate that con-
nects the lower vertices of the bridges to the appropriate
terminals.

The following lemma is a refinement of Lemma 3.9. It shows that one can
choose which one of the two pairs of terminals to be connected by the longer
path.

Lemma 3.10. Let n > 3, r,r1 be two distinct red vertices and g,g; be
two distinct green vertices in Q,,. If n = 3 we also require that if r and r,
are contained in a two dimensional subcube « of Qs, then exactly one of the
vertices g or gy is contained in «. Then there exists a 2—path covering of Q,,
with the first path of length at least 2"~! connecting r to r; and the second
path connecting g to g;.

Proof. If n = 3 then our claim can be verified directly.
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For n > 4 we produce two plates as in the proof of Lemma 3.9 and consider
the same two cases. The proof of case (1) does not need to be modified. For
case (2) we assume without loss of generality that r, g are on the top plate and
r1, 91 are on the bottom plate. There are three subcases to consider.

Subcase 2(a). g is not adjacent to 7.

Let ro be any red vertex on the top plate that is adjacent to vertex go of the
bottom plate different from g;. Use [1,1,0,1] = 2 to produce a Hamiltonian
path of QP — {g} that connects r to ra. Let r3 be the vertex of the bottom
plate that is adjacent to g. Use [0,0,2,0] = 2 to produce a 2—path covering
of the bottom plate that connects r3 to g; and g2 to 1. The desired 2—path
covering of Q,, is obtained by connecting the path produced on the plates by
means of the bridges {r2, g2} and {g,rs3}.

Subcase 2(b). r is not adjacent to g;.

Let ro be the vertex of the top plate that is adjacent to g;. Let go be any
green vertex on the top plate different from ¢ and adjacent to a vertex r3 # ry
of the bottom plate. Use [0,0,2,0] = 2 to produce a 2—path covering of Q%P
that connects g to r and r to go. Use [1,1,0,1] = 2 to produce a Hamiltonian
path of Q%! — {g;} that connects 73 to r;. The desired 2—path covering of
Q,, is obtained by attaching to the paths constructed on the plates the bridges
{7‘2, gl} and {927 7‘3}.

Subcase 2(c). r is adjacent to g1 and r is adjacent to g.

The care in choice of vertices below is important for dimension n = 4 but
can be relaxed for n > 5.

Let ro be any vertex of the bottom plate that is adjacent to g;, different
from 71, and let go be the vertex on the top plate that is adjacent to ry. On
the top plate we can find a vertex r3 whose adjacent vertex g3 on the bottom
plate satisfies the following conditions: 1) gs is adjacent to 79; 2) g3 # ¢1;
and, in the case n = 4, we also require 3) the two-dimensional subcube that
contains r and r3 contains exactly one of the vertices g or go. Conditions 1)
and 2) guarantee the existence of a Hamiltonian path of Q%% — {ry, g;} that
connects g3 to r1. Condition 3) guarantees the existence of a 2—path covering
of QP that connects g to g2 and r to 73. The desired 2—path covering of Q,,
is obtained by attaching to the paths constructed on the plates the bridges
{r2,92},{gs,r3} and the edge {r2, g1} O

Lemma 3.11. ([1,1,1,1] =4) Let n > 4, r be a deleted red vertex in Q,,,
and r1,9, g1, g2 be one red and three distinct green vertices in Q,, — {r}. Then
there exists a 2—path covering of Q,, — {r} with one path connecting r1 to g
and the other connecting g1 to g2. The claim is not true for n = 3.

Proof. The following counterexample shows that [1,1,1,1] > 3: n = 3,
r= (1,0,1), = (17 170)a 9= (1a 1,1)7 g1 = (07 170)7 g2 = (O»Oal)

Now let n > 4. Produce two plates to separate the two green terminals g1
and go of the charged path and assume that the deleted red r and g; are on
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the top plate. The terminals of the neutral path r; and g could be distributed
in four possible ways:

(1) both are on the top plate;

(2) the red is on the top plate and the green is on bottom plate;

(3) the green is on the top plate and the red is on the bottom plate;

(4) both are on the bottom plate.

The four cases can be approached as explained in the following diagrams.

(1) Use [0,0,2,0] = 2 to produce a 2—path covering of the
top plate that connects the two terminals of the neutral
path to each other, and the green terminal of the charged
path to the deleted red. Cut the last path just before the
deleted red and produce a bridge. Use [0,0,1,0] = 1 to
find a Hamiltonian path for the bottom plate connecting
the lower vertex of the bridge to the green terminal on the
bottom plate.

(2) Find a bridge with green on the top. Use [0,0,2,0] = 2
to produce a 2—path covering of the top plate that con-
nects the red terminal of the neutral path to the upper
vertex of the bridge and the green terminal of the charged
path to the deleted red vertex. Cut the second path just
before the deleted red vertex and produce a second bridge
there. Use [0,0,2,0] = 2 to produce a 2—path covering of
the bottom plate that connects the lower vertices of the
bridges to the appropriate terminals.

(3) Use [1,1,0,1] = 2 to produce a Hamiltonian path of
Qtor — {r} that connects g to g;. Traversing this path
from g to g; find two consecutive vertices that are not
neighbors to the green and red terminals on the bottom
plate and such that the first vertex is green. Such pair of
consecutive vertices exist since the length of the path is at
least six, hence there are at least three such pairs on the
top and only two vertices to avoid on the bottom. Produce
bridges from these vertices. Use [0,0,2,0] = 2 to produce
a 2—path covering of the bottom plate that connects the
lower vertices of the bridges to the appropriate terminals.
(4) Find a bridge with green on the top. Use [1,1,0,1] = 2
to find a Hamiltonian path of the top plate connecting the
green terminal of the charged path to the bridge avoiding
the deleted red vertex. Use [0,0,2,0] = 2 to find a 2—path
covering of the bottom plate connecting the lower vertex
of the bridge to the green terminal of the charged path
and the two terminals of the neutral path. O
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Lemma 3.12. Letn > 4, r; and ro be two distinct red vertices in Q,, and
g be a green vertex that is deleted from Q,,. Assume further that e = {a,b}
is any edge in Q, — {g}. Then there exists a Hamiltonian path in Q, — {g}
that connects 1 to r9 and passes through the edge e. In the case when {a,b} N
{r1,m2} = 0 we can find an oriented Hamiltonian path in Q,, — {g} connecting
r1 to ro such that the path visits the vertex a first.

Proof. If the prescribed edge e is not incident to any of the prescribed end
vertices 11,72, use [1,1,1,1] = 4 to connect r; to a and 9 to b. The desired
(oriented) Hamiltonian path in Q,, — {g} is obtained by connecting these two
paths to each other through the edge e.

Let the prescribed edge be incident to one of the prescribed end vertices. We
can assume without loss of generality that a = r;. Then use [2,0,1,0] = 4 to
produce a Hamiltonian path in Q,, — {r1, ¢} that connects r3 to b. Then attach
the edge e to this path to obtain the desired Hamiltonian path in Q,, —{g}. O

Lemma 3.13. ([3,1,0,1] = 4) Let n > 4 and g, r and 1 be one green
and two distinct red vertices in Q,,. Let also g1 and g2 be two distinct green
terminals in Q,, — {g,r,71}. Then there exists a Hamiltonian path for Q, —
{g,r,r1} connecting gi to go. The claim is not true for n = 3.

Proof. The following counterexample shows that [3,1,0,1] > 3: n = 3,
r=(1,0,1),r = (1,1,0), ¢ = (1,1,1), g1 = (0,1,0), g2 = (0,0, 1).

Now, let n > 4. There exist two plates that separate the deleted red vertices
r and r; and we assume that the top plate is the one that contains the deleted
green vertex g. We consider the three essentially different cases that depend
on the distribution of the green terminals g; and g on the plates.

Case 1. The two green terminals are on the top plate.

Use [1, 1,0, 1] = 2 to produce a path that visits all the vertices of the top plate
except the red deleted vertex and starts at one green terminal and ends at the
deleted green vertex. This path must pass through the second green terminal.
Cut this path at the vertex immediately preceding the second green terminal
and at the vertex immediately preceding the deleted green vertex along the
path. From the cut vertices produce two bridges. The lower vertices of these
bridges are green. Connect them by a path on the bottom plate that visits all
the vertices except the deleted red vertex. This finishes the construction of the
desired path for this case.

Case 2. One green terminal is on the top plate and the other one is on the
bottom plate.

Use [1,1,0,1] = 2 to produce a path on the top plate that visits all the
vertices except the deleted red vertex and that starts at the green terminal
and ends at the deleted green vertex. By Lemma 3.4 this path can be chosen
in such a way that the vertex just before the deleted green is not adjacent to
the green terminal on the bottom. Cut the path just before the deleted green
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and produce a bridge from the cut vertex. Use [1,1,0,1] = 2 to produce a
path on the bottom plate that connects the lower vertex of the bridge to the
green terminal and that visits all the vertices of the bottom plate except the
red deleted vertex.

Case 3. The two green terminals are on the bottom plate.

Use [2] = 3 to produce a cycle on the top plate that visits all the vertices
except the deleted ones.

If n =4, use [1,1,0,1] = 2 to produce a path on the bottom plate that visits
all the vertices except the deleted red vertex and has the two green terminals
as end vertices. At least one non-terminal vertex u of this path is adjacent
to a vertex v in the cycle on the top plate. Since the degree of each of these
vertices relative to its plate is three, one of the neighbors of w in the bottom
path must be adjacent to one of the neighbors of v in the cycle produced on the
top plate. In other words, there exist two parallel bridges such that the edges
connecting their ends on the bottom and on the top plate belong to the path
on the bottom plate and to the cycle on the top plate, respectively. Use these
bridges to do surgery to connect the bottom path to the cycle on the top plate
by means of the bridges. This finishes the construction of the desired path for
this case when n = 4.

If n > 5 then the plates are of dimension greater than three. Thus, there
exist two consecutive vertices along the cycle constructed on the top plate such
that their adjacent vertices on the bottom plate are neither deleted vertices nor
terminal vertices. Select two such vertices and cut the cycle there and produce
bridges to the bottom plate. Then use Lemma 3.12 to produce a path on the
bottom plate that 1) starts at one green terminal and ends at the other green
terminal; 2) visits all the vertices of the bottom plate except the deleted red
vertex; and 3) passes through the edge incident to the lower vertices of the two
bridges. Finally, do surgery to connect the path on the bottom plate to the
cycle on the top plate through the bridges. The result is the desired path. This
finishes the construction of the desired path for this case when n > 5. O

Lemma 3.14. Let n > 4 and g and r be a green and a red vertex in
Q.. Let also g1 and go be two distinct green vertices in Q,, — {g,r}. Then
there exists a Hamiltonian cycle for Q,, —{g, r} such that the shortest distance
between g, and g, along that cycle is at least four.

Proof. Split Q,, into two plates such that ¢; is on the top plate and g5 is on
the bottom plate. There are two cases to consider.

Case 1. r and g are on the top plate.

Use [2] = 3 to find a Hamiltonian cycle for QP — {r g}. Choose an edge
(g3, 73) from this cycle such that g; # g3 and r3 is not adjacent to go. Cut the
cycle at that edge and connect the resulting path with bridges to the bottom
plate. Use [0,0,1,0] =1 to find a Hamiltonian path for the bottom plate that
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connects the bottom vertices of the two bridges. The resulting Hamiltonian
cycle of Q,, — {g,7} has the required property.

Case 2. r is on the top plate, g is on the bottom plate.

Find two bridges with green vertices on the top plate that avoid g;. Use
[1,1,0,1] = 2 to find Hamiltonian paths for Q%P — {r} and Q% — {g}, respec-
tively, that connect the end vertices of the bridges. The resulting Hamiltonian
cycle of Q,, — {g, 7} has the required property. O

4. LARGER FAULTS AND SETS OF PRESCRIBED ENDS

In this section we identify the hypercube Q, with the group Z3. We view
Q, as a Cayley graph with the standard system of generators S = {e; =
(1,0,...,0),e2 = (0,1,0,...,0),...,e, = (0,...,0,1)}. An oriented edge in
Q,, is represented by (a,x), where a is the starting vertex and x is an element
from the system of generators S. A path is represented by (a,w), where a is the
initial vertex and w is a word with letters from S. If w = x1, z9, ...,z then the
path (a,w) is the path a,ax;,az12s,...,ax 22 - - - x,. The algebraic content of
a word w is the element of Z% that is obtained by multiplying all the letters
of w. A path (a,w) is simple if no subword of w is algebraically equivalent to
the identity (0,0,...,0). A path (a,w) is a cycle if w is algebraically equivalent
to the identity but no proper subword of w is algebraically equivalent to the
identity.

We shall use the following notation: w** means the reverse word of w; w’
denotes the word obtained after the last letter is deleted from w; w* is the word
obtained after the first letter is deleted from w; p(w) is the first letter of w, and
A(w) is the last letter of w. The letter v shall be reserved for steps connecting
two plates. The letters x,y, ... shall be reserved to represent steps along the
plates.

The following lemma can be proved by inspection.

R

Lemma 4.1. Let r,r1,75 be three distinct red vertices and g, g1,g2 be
three distinct green vertices in Q3. Then there exist two oriented paths 71,2
such that

(i) 1 is Hamiltonian in Qs — {g} and connects 1 to ra;
(ii) 7o is Hamiltonian in Qs — {r} and connects g1 to g2; and
(iii) 1 and -2 share an edge that is traversed in the same direction in both
paths.

The following lemma is a generalization of Lemma 4.1.

Lemma 4.2. Letn > 4 andry, 2, g1, g2, g3, g4 be two distinct red and four
distinct green vertices in Q,, such that ri,g1,go € QP and o, 93,94 € QL.
Then there exist two oriented paths 71,72 such that

(i) v is Hamiltonian in Q!°P — {r1} and connects g1 to go;
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(ii) 72 is Hamiltonian in Q% — {ry} and connects g3 to g4; and
(iii) there exist an edge (a, ax) € 1 such that (av, avz) € vy, and both edges
are traversed in the same direction in both paths.

Proof. The proof is by induction. If n = 4 then the claim is contained in
Lemma 4.1. If n > 4 then choose an edge (a, azx) € QP such that none of the
given vertices r1, T2, g1, g2, g3, g4 is incident to (a,ax) or (av,avz) and apply
Lemma 3.12 to construct v; and 2 in the desired way. (I

Lemma 4.3. ([2,2,0,2] =4) Let n > 4, F = {r1,r2} be a fault with two
distinct red vertices and g1, g2, g3, g4 be four distinct green vertices in Q,,.
Then there exists a 2—path covering of O, — F with one path connecting g1
to g2 and the other connecting g3 to g4. The claim is not true for n = 3.

Proof. The following counterexample shows that [2,2,0,2] > 3: n =3, =
(1,1,0), ro = (1707 1)7 g1 = (0, LO)v g2 = (070’ 1)) g3 = (LO’O)’ g4 = (1’ L1).

Now let n > 4. Split the hypercube in such a way that r; is on the top plate
and ro is on the bottom plate. Then consider four cases that depend on the
distribution of the green terminals on the plates.

Case 1. All green terminals g1, g2, g3, g4 are on the top plate.

Use [1,1,0,1] = 2 to find a Hamiltonian path (g;,w) of QP — {r;} that
connects g1 to go. Let w = &nd with ¢1€ = g3, 931 = g4, and g40 = go, where
g3, ga are renumbered, if necessary.

Use [1,1,0,1] = 2 to find a Hamiltonian path (g1&'v, 1) of Q% — {ry} that
connects g1&'v to g1€ne(f)v. Then the desired 2—path covering of Q,, — F is
(91, &"vpv0*), (g3, 7).

Case 2. g1, g2, g3 are on the top and g4 is on the bottom plate.

Use [1,1,0,1] = 2 to find a Hamiltonian path (g;,w) of QP — {r,} that
connects g; to gs. Let w = &n, where g1€ = g2 and gon = g3.

Subcase 2(a). gap(n)v # ga.

On the bottom plate use again [1,1,0,1] = 2 to find a Hamiltonian path
(g20(n)v, 1) of Qb — {ry} that connects go¢(n)v to g4. Then the desired
2—path covering of Q,, — F is (g1,£), (g3, (nT)'vp).

Subcase 2(b). gap(n)v = ga.

Either g; or g is not adjacent to ro. Without loss of generality assume
that it is g1. If n > 5, use [2,0,1,0] = 4 to find a Hamiltonian path (g1v, ) of
Qbot _Iry g4} that connects gv to g1(€)v. Then the desired 2—path covering
of @, —Fis (917U:U/U§*)7 (937 (UR)/U)~

The same argument works for n = 4 whenever {g1v, g10(§)v} & By, ro}
(Lemma 3.6). If {g1v, g1p(§)v} € Byg, rpy then the distance from gip(§)v to
7y is three and therefore gip(§*)v # ro and {g190(§)v, g10(£")v} & Bigyrar-
Then use Lemma 3.6 to find a Hamiltonian path (g,¢(&)v, i) of Q% — {ry, g4}
that connects g10(€)v to g1¢(€*)v. The desired 2—path covering of Q,, — F is

(91, 0(§)vpvE™), (g3, (n)'v).
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Case 3. g1, g2 are on the top and g3, g4 are on the bottom plate.

Use [1,1,0,1] = 2 to find a Hamiltonian path (g;,w) of QP — {r,} that
connects g; to go and use again [1,1,0,1] = 2 to find a Hamiltonian path
(g3, 1) of Qb — {ry} that connects g3 to g4. Then the desired 2—path covering
of @, — F is (g91,w), (g3, 1)

Case 4. g1, g3 are on the top and gs, g4 are on the bottom plate.

According to Lemma 4.2 there exist an oriented Hamiltonian path v, =
(g1,&xn) of QP — {r1} connecting g; to g3 and an oriented Hamiltonian path
Yo = (g2, pxd) of Qb — {ry} connecting g» to g4 such that g;év = gou. The
desired 2—path covering is (g1, évu®t), (g3, nfvd). O

In some proofs it is useful to be able to find Hamiltonian paths that pass
through each element of a given set of vertices in such a way that the distance
between two consecutive elements of that set along the path is at least 4. The
following lemma gives a situation when that can be done. It will be used in
the proofs of Lemma 4.5 and Lemma 5.12.

Lemma 4.4. Letn >3, L ={g1,92,..-,9n—1} be a set of green vertices
and r be a red vertex in Q,,. Then there exists a Hamiltonian path in Q,, — {r}
that connects gy to g,—1 in such a way that the distance along the path between
any two vertices in L is at least 4.

Proof. The proof is by induction. The statement is obvious for n = 3. Let

n>3and L ={g1,92,..-,9n—1,9n} be a set of n green vertices and r be any
red vertex in Q. Produce plates in a way that g; € Q;o_fl and g, € QY.

We can assume that r € fofl by renumbering ¢g; and g,, if necessary.

If g1 is the only element of L in Qﬁffl then use [1,1,0,1] = 2 to produce a

Hamiltonian path (g1, ) of fofl —{r} that connects g1 to goxv, where z is any
letter different from v and such that gozv # g1. By the induction hypothesis
there is a Hamiltonian path (g2,n) of Q%% — {go2} that connects g» to gn
and such that the distance between any two different elements of L along this
path is at least 4. The desired Hamiltonian path of Q,,+1 — {r} for this case is
(917 57)1”’7) :

If in addition to g there is another element g; € LN QL; (the total number
of such elements cannot be more than n — 2) then use the induction hypothesis
to produce a Hamiltonian path (g1, &) of QP — {r} that connects g; to g; and
such that the distance between any two elements of L along this path is at least
4. On the bottom plate there are at most n — 2 elements of L. Therefore, there
exists a letter x such that g;vx is not in L. By the induction hypothesis there is
a Hamiltonian path (g;vz,n) of Q%% —{g;v} that connects g;vz to g, and such
that the distance between any two elements from L along the path is at least

4. The desired Hamiltonian path of Q,,+1 — {r} for this case is (g1, &vzn). O
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Lemma 4.5. ([6] =5) Let n > 5 and F be any neutral fault of mass 6 in
Q,,. Then Q,, — F is Hamiltonian. The claim is not true if n = 3 or n = 4.

Proof. Since [2k] > k + 2 for each integer k > 0, we have [6] > 5.

Let n > 5 and F = {ry, 72,73, 91, g2, g3} be such that the first three vertices
are red and the last three vertices are green. Produce two plates in such a
way that r; and ro are on the top plate and r3 is on the bottom plate. Then
consider the four essentially different cases that depend on the distribution of
the deleted green vertices on the plates.

Case 1. The three deleted green vertices are on the top plate.

Use [4] = 4 to find a Hamiltonian cycle (g3, &) of Q%P —{ry,r2,91,g2}. Then
use [1,1,0,1] = 2 to find a Hamiltonian path (gzp(&)v,n) of Q% — {r3} that
connects g3p(&§)v to gs&’v. The desired Hamiltonian cycle of Q,, — F for this
case is (g3p(€), vnu(£F)™).

Case 2. g1 and go are on the top plate and g3 is on the bottom plate.

Use [4] = 4 to produce a Hamiltonian cycle on QP —{ry,rs,g1,92}. Let a,b
be two consecutive vertices along this cycle whose respective adjacent vertices
on the bottom plate ¢, d are not deleted vertices. Use [2,0,1,0] = 4 to connect
c to d by a Hamiltonian path of Q%°* — {r3, g3}. The desired Hamiltonian cycle
of Q, — F for this case is obtained by removing the edge {a,b} from the cycle
constructed on the top plate and attaching to the resulting path by means of
the bridges {a, c}, {b,d} the path constructed on the bottom plate.

Case 3. g1 is on the top plate and go and g3 are on the bottom plate.

Let g4, g5 be any two green non-deleted vertices on the top plate such that
their respective adjacent vertices ry4,75 on the bottom plate are also non-
deleted. Use [3,1,0,1] = 4 to produce a Hamiltonian path of Q%P — {ry,r2, g1}
that connects g4 to gs. In the same way produce a Hamiltonian path of Q% —
{rs, g2, 93} that connects r4 to r5. The desired Hamiltonian cycle of Q,, — F for
this case is obtained by attaching the resulting paths to each other by means
of the bridges {g4,74},{g5,75}.

Case 4. The three green deleted vertices are on the bottom.

Use Lemma 4.4 to find a Hamiltonian path (g1, ) of Q% —{r3} that connects
g1 to g3 and such that £ = nf, with g1 = g2, and both n and 6 have length
at least four. Then use [2,2,0,2] = 4 to produce a 2—path covering of QP —
{r1,r2} with paths (g1p(n)v, 1), (917'v, v) connecting gip(n)v to gap(6)v and
g1n'v to g26’v, respectively. The desired Hamiltonian cycle of Q,, — F for this
case is (g1¢(n), vuvd*vvfo(n®)*). O

Lemma 4.6. ([4,0,1,0] = 5) Let n > 5, r,r1,72 be three distinct red
vertices and ¢, g1, g2 be three distinct green vertices in Q,,. Then there exists
a Hamiltonian path of Q,, — {r1,72,¢1,92} that connects r to g. The claim is
not true if n =3 or n = 4.
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Proof. Letr = (0,1,0,0), 7, =(1,0,0,0), 7, = (1,1,1,0) and g = (1,0,0, 1),
g1 =(1,1,1,1), go = (0,0,1,1) be vertices in Q4. Then one can verify directly
that a Hamiltonian path of Q4 —{r1,72, g1, g2} connecting r to g does not exist.

Let n > 5. Choose two plates that separate the deleted red vertices and
consider the six essentially different cases depending on the distribution of the
green deleted vertices and the terminals on the plates. We can assume that
is the deleted red vertex on the top plate and r, is the deleted red vertex on
the bottom plate.

Case A. The two deleted green vertices are on the top plate.

Subcase A1. The two terminals are on the top plate.

Use [2,0,1,0] = 4 to produce a Hamiltonian path (r,¢) of QP — {ry, g1}
that connects r to g and let £ = un, with ru = go. Use [1, 1,0, 1] = 2 to produce
a Hamiltonian path (ru'v, ) of Q%' —{r,} that connects ru'v to rue(n)v. The
desired Hamiltonian path of Q,, — {r1,72,91, g2} for this case is (r, p'vOon*).

Subcase A2. g is on the top plate and r is on the bottom plate.

Let r3 be a red vertex on the top plate at a distance at least three away from
g2. Use [2,0,1,0] = 4 to produce a Hamiltonian path (g,&) of QP — {ry, g1}
that connects g to r3. Let & = un, with gu = g2 and n of length at least
three. Use [1,1,1,1] = 4 to produce a 2—path covering of Q%! — {ry} with
paths (gu'v, 8), (r,v) connecting gu'v to gup(n)v and r to r3v, respectively. The
desired Hamiltonian path of Q,,—{ry,72, g1, g2} for this case is (g, u'vOvn*vvF).

Subcase A3. r is on the top plate and g is on the bottom plate.

Let r3 be a red vertex on the top plate which is not adjacent to g. Use
[3,1,0,1] = 4 to produce a Hamiltonian path (r,&) of Q%P — {ry,g1,g2} that
connects r to r3. Use [1,1,0,1] = 2 to produce a Hamiltonian path (rzv, u)
of Q% — Iry} connecting rs3v to g. Then the desired Hamiltonian path of
Q, — {r1,72,91, g2} for this case is (r,{vp).

Subcase Aj. r and g are both on the bottom plate.

Let r3 and r4 be two red vertices on the top plate such that r3v and r4v are
different from g. Use [3,1,0,1] = 4 to produce a Hamiltonian path (r3,¢) of
Qtor —{ry, g1, 92} that connects r3 to r4. Use [1,1,1,1] = 4 to produce a 2—path
covering of Q%' — {ry} with paths (r,n) and (r4v, u) connecting r to r3v and
r40 to g, respectively. The desired Hamiltonian path of Q,, — {r1,r2, g1, g2} for
this case is (r, nuévp).

Case B. Each plate contains one deleted green vertex. We can assume that
g1 is on the top plate and g- is on the bottom plate.

Subcase B1. The two terminals are on the top plate.

Use [2,0,1,0] = 4 to produce a Hamiltonian path (r,¢) of QP — {ry, g1}
that connects r to g. Since n — 1 > 4 there exist words p and 7 and a letter x
such that & = pzn with neither rpv nor ruxv being a deleted vertex. Use again
[2,0,1,0] = 4 to produce a Hamiltonian path (ruv,¢) of Q% — {ry,go} that
connects ruv to ruzv. The desired Hamiltonian path of Q,, — {r1,r2, g1, 92} for
this case is (r, pvCon).

Subcase B2. g is on the top plate and r is on the bottom plate.
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Let r3 be any red vertex on the top plate such that rgv # go. Use [2,0,1,0] =
4 to produce a Hamiltonian path (g, &) of Q! —{r;, g1} connecting g to r3. Use
again [2,0,1,0] = 4 to produce a Hamiltonian path (rsv,n) of Q%! — {ry, g2}
connecting r3v to r. The desired Hamiltonian path in Q,, — {r1,72, 91,92} for
this case is (g, &vn). O

Lemma 4.7. ([0,0,3,0] = 5) Let n > 5, 71,72,73 be three distinct red
vertices and g1, g2, g3 be three distinct green vertices in Q,,. Then there exists
a 3—path covering of Q,, with paths ~y; connecting r; to g; for i = 1,2,3. The
claim is not true if n =3 or n = 4.

Proof. Let r = (0,0,0,0), ro = (0,1,0,1), 73 = (0,1,1,0), g1 = (0,1,1, 1),
g2 = (0,0,1,0), and g3 = (0,0,0,1) be vertices in Q4. Then it is not difficult
to verify that a 3—path covering of Q4 with paths v; connecting r; to g; for
i =1,2,3 does not exist (see also [11, Fig.1]).

Let n > 5. Choose two plates to split the deleted red vertices such that r;
and ro are on Qf{’p and r3 is on Q%Ot. There are five substantially different
cases depending on the distribution of the green terminals on the plates.

Case 1. The three green terminals are on the top plate.

Use [0,0,2,0] = 2 to produce a path covering (r1,£), (ra,n) of QP that
connects r1; to g1 and 7 to go. Without loss of generality we may assume that
gs lies on the path between 9 and go. Let n = pf, where rop = gs.

If gsv # r3 then use [0,0,0,2] = 4 to produce a path covering (rap’v,v),
(g3v,¢) of Qb that connects rou'v to go(6%)v and gsv to 73. The desired
3—path covering for this case is (rq,€), (ro, p'vvvd*), (r3, (v).

If gsv = r3 then use [1,1,0,1] = 2 to produce a Hamiltonian path (rou'v, v)
of Qb°* — {r3} that connects rap’'v to g2(8%)v. The desired 3—path covering
for this case is (11,&), (re, p'vvvd*), (r3,r3v).

Case 2. Two green terminals are on the top plate and one is on the bottom
plate.

If the green terminal on the bottom plate is g3 then use [0,0,2,0] = 2 to
produce a 2—path covering of QI°P connecting r1 to g; and ry to go and use
[0,0,1,0] = 1 to produce a Hamiltonian path of Q% connecting r3 to gs.

Now, assume that g; and g3 are on the top plate and g is on the bottom
plate.

If rov # go and g3v # r3 then use [2,0,1,0] = 4 to find a Hamiltonian path
(r1,€) of QP —{rq, g3} connecting r to g1 and use [0, 0,0, 2] = 4 to produce a
2—path covering (rov,7), (r3,¢) of Q! that connects 72v to go and r3 to gsv.
The desired 3—path covering for this case is (r1,&), (re,vn), (r3,Cv).

Let rov # g9 and gzv = r3 (the case rov = go and g3v # r3 is symmetrical).
Use [2,0,1,0] = 4 to find a Hamiltonian path (rq, &) of Q'°P—{ry, g3} connecting
r1 to g1 and use [1,1,0,1] = 2 to produce a Hamiltonian path (rqv,n) of
Qbot — ry} that connects 72v to go. The desired 3—path covering for this case
is (r1,&), (re,vn), (r3,v).
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Finally, let rov = go and gsv = r3. Use [2,0,1,0] =4 to find a Hamiltonian
path (71, €) of Q%P —{ry, g3} connecting 71 to g;. Clearly, the length of the path
(r1,€) is more than 1. Use [2,0,1,0] = 4 to find a Hamiltonian path (riv,7)
of Qb — {13, go} connecting r1v to r1¢(&)v. The desired 3—path covering for
this case is (r1, vnve*), (r2,v), (r3,v).

Case 3. g3 is on the top plate and the other two green terminals are on the
bottom plate.

If r3v = g3 then use [1,1,0,1] = 2 to find a Hamiltonian path (rq,&) of
Qf{’p — {g3} that connects r1 to ro. Let & = pan, with neither r1pv nor rpzv
being a prescribed end. On the bottom plate use [1,1,1,1] = 4 to produce
a 2—path covering (riuv,0), (ripzv, ) of Q% — {r3} connecting 71 pv to g
and ripzv to go, respectively. The desired 3—path covering for this case is
(rla /“)0)7 (T'?a nRUC)a (T37 'U).

If r3v # g3 use Corollary 3.10 to produce a 2—path covering (gs,&) and
(r1,m) of the top plate with the first path connecting g3 to r3v and the second
path of length at least 8 connecting r1 to 2. Let n = uxf, with neither ryuv
nor ruxv being a prescribed end. Use [1,1,1,1] = 4 to produce a 2—path
covering (riuv,v), (ripzv,() of Q% — {rs} connecting r1uv to g, and riuzv
to go, respectively. The desired 3—path covering of Q,, for this case is (r1, pov),
(12, 070Q), (rs,vEl).

Case 4. Either g7 or gs is on the top plate and the other two green terminals
are on the bottom plate.

Without loss of generality we can assume that g; is the green terminal on
the top plate. Let g4 be any green vertex on the top plate such that g4v is not
a terminal vertex. Use [0,0,2,0] = 2 to find a 2—path covering (r1,£), (r2,7)
of Q’;"p that connects r; to g1 and ro to g4, and a 2—path covering (rs, u),
(romu,v) of Qb that connects 73 to g3 and 79mv to go. The desired 3—path
covering for this case is (71, &), (r2, nov), (r3,v).

Case 5. All the green terminals are on the bottom plate.

Let r4 = g1z be any vertex on the bottom plate adjacent to g; and different
from r3. Use [2,0,1,0] = 4 to produce a Hamiltonian path (gs,&) of Qb°f —
{g1,r4} that connects g to r3. Let & = pun, with gop = g3. Use [0,0,2,0] = 2
to produce a 2—path covering (r4v,6), (g2p'v, () of QP connecting ryv to ry
and gap'v to ro, respectively. The desired 3—path covering of Q,, for this case
is (glv {E’Ug), (927 MIUC)v (937 77) O

5. SOME GENERAL RESULTS

Let G be a graph and v be a vertex in G. We denote by N (v) the set of
vertices adjacent to v in G. If A is a subset of the set of vertices of G then the

set N'(A) = U,ea N (v) is called the set of neighbors of A.
As usual, if X is a set, | X| denotes the cardinality of X.
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Proposition 5.1. Let A C N(r) for some vertex r in Q,,. Then |N(4)| =
_ 1AIdA[+1)
1+ n|A| ==,

Proof. Obviously r € N(A). Any pair of elements g1,go € A has exactly
two neighbors in common one of which is the root r, and the other is different
for different pairs. It follows that

INA) | =1+n-1)+n—-2)+--+(n—|A]. 0

The following lemma is a particular case of an isoperimetric inequality for the
hypercube. See [1, Theorem 7.3] for a more general statement and a discussion
of several proofs available in the literature. Here we just state and prove what
we need in the sequel.

Lemma 5.2. Let k and n be positive integers such that 1 < k < n and let
A be a set of green vertices in Q,, of cardinality k. Then

k(k+1
IV (A)| Z1+(n*1)+~~+(n—k):1+knf¥’
with equality if and only if A C N(r) for some red vertex r.

Proof. The statement is obvious for all pairs k,n with 1 < k <2 and k < n.
Let N be a positive integer greater than 2 such that the statement is true for
all pairs k,n with 1 < k <n and n < N. We shall prove that the statement is
also true for all pairs k, N with 1 < k < N.

We split Qv into two plates such that 1 <1 = [ANQY| < m = |[ANQRP| <
N — 1. Let AP = AN Qﬁ\o,p and A% = AN Q%*. Each element of AP has
exactly one neighbor in Q8. Therefore, by Proposition 5.1 and the induction
hypothesis,

IN(AP) > 14+ [(N=1)—=1]+---+[(N=1)—m] +m

=1+(N-1)+ -+ (N —m),

with equality throughout if and only if there exists r € Q% such that AP C
N(r).

Similarly, let s be the number of elements of N'(A%?*) that are in the top
plate but not in A(A*P). Then

IN(APD)\N(APP) > —m 4+ 14+ [(N=1) =1+ +[(N=1) =] +s

> [(N=m) =1+ +[(N—-m)—1],

with equality throughout if and only if / = 1 and s = 0. It follows that |N(A)| >
1+ N—-1+4---4+ N —k with equality if and only if there exists a vertex r € Qx
such that A C N (r). O
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Lemma 5.3. Let M,C, N, O be nonnegative integers with C, O, and M of
the same parity, C < M, O > C, and N > 1. Let also k be a positive integer
such that

+N+0.

(1) kN+1—<N;l>>A4;C

Then, k € Apr41,041,N—1,0+1 implies k € Anr,c,N,0-

Proof. Let k € Apry1,041,8-1,0+1- This means that if n > k then for every
fault F of mass M +1 and charge C'+1 in Q,, one can freely prescribe ends for
a path covering of Q,, — F with NV — 1 neutral paths and O + 1 charged paths.
Consider an arbitrary fault F of mass M and charge C' in Ok, and a set £ of
pairs of vertices that contains N neutral pairs and O charged pairs, and is in
balance with F.

Without loss of generality we may assume that in F there are at least as
many red vertices as there are green vertices. It is easy to see that the number
of the deleted green vertices is 2L > € and that the number of paths with green
terminals at both ends is Ozio. Thus, the quantity % + N + O is the total
number of green vertices that are either deleted vertices or terminal vertices.

The number of red terminals in neutral pairs is obviously N. By Lemma 5.2
the number of green vertices that are adjacent to at least one red terminal in
a neutral pair is at least kN + 1 — (N 2+ 1). Therefore, inequality (1) guarantees
the existence of a neutral pair (r,g) € £ and a green vertex ¢’ = rz that is
neither a deleted vertex nor a terminal vertex. The fault 7/ = F U {r} has
mass M + 1 and charge C' + 1. The set of pairs of vertices £’ obtained from
& by replacing the pair (r,g) with the pair (¢, g) is in balance with F’ and
contains N — 1 neutral pairs and O + 1 charged pairs. Therefore, there exists
an N 4+ O—path covering of Q) — F whose set of pairs of end vertices coincide
with £’. One of the paths in this covering is of the form (g, ) with g¢ = ¢'. If
we replace this path with the path (g,£x) that connects g to r we obtain an
N +O—path covering of Q. —F whose set of pairs of end vertices coincides with
E. So, we proved that for every fault F of mass M and charge C' in Q, one can
freely prescribe ends for a path covering of @ — F with N neutral paths and
O charged paths. Finally, if n > k then 1) nN + 1 — (Ng'l) > MTJFC + N+ 0,
and 2) n € Apry1.041,8-1,0+41- Therefore, the argument that we applied to
k can be applied to n as well. This shows that if n > k then for every fault
F of mass M and charge C' in Q,, one can freely prescribe ends for a path
covering of Q,, — F with N neutral paths and O charged paths. Consequently
ke AM,C,N,O- [l

Lemma 5.4. Let M,C, N, O be nonnegative integers with C, O, and M of
the same parity, C' < M, and O > C. Let also k be a positive integer such that

O—C+1) M+C
>

N .
) +N+0

2) uo-m+1—<
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Then, ke AM+170+17N+1,0_1 implies ke AM,C,N,O-

Proof. The proof is similar to the proof of Lemma 5.3. The only difference is
that in (2), instead of N, we use the number O — C that represents the number
of red terminals in the charged paths. ]

Lemma 5.5. Let M,C, N, O be nonnegative integers with C, O, and M of
the same parity, C < M, O > C, and C > 1. Let also k be a positive integer
such that

+N+0.

(3) k(O+C)+1—<O+O+1)>M_C

2

Then, k € Apry1,0-1,N+1,0—1 implies k € Apro N,0-

Proof. The proof is similar to the proof of Lemma 5.3. The difference is
that in the left-hand side of (3), instead of N, we use the number O + C' that
represents the number of green terminals in the charged paths and the right-
hand side part 5 € 4+ N + O represents the number of red vertices that are
either in F or are terminals. O

Lemma 5.6. [4,2,0,2] =[3,1,1,1] =5 and [2,0,2,0] = 4.

Proof. It follows from Lemma 5.3 that if 5 € Ag20,2 then 5 is in Az 1,11
and in Ap2,0. Lemma A.1, proved in Appendix A, states that we can freely
prescribe two neutral pairs of terminals for a 2—path covering of Q4 — F for any
neutral fault of mass 2. Therefore, to prove the current lemma, it is sufficient
to show that 5 € As90,2, 4 € A3 11,1 (and therefore, according to Lemma 5.3,
4 g A472’072), and that 3 §é A2,0)210.

Here is a counterexample showing that 3 ¢ A3 920. Let n =3, = (1,0,0),
g1 =(0,1,1), 7o = (0,1,0), g2 = (1,0,1), and F = {(0,0,0),(1,1,1)}. Then, a
2—path covering of Q3 — F that connects r1 to g; and r3 to go does not exist.

The following counterexample shows that 4 & As 1 1,1 (see also the discussion
after Conjecture 6.4).

Let n = 4, F = {(0,0,0,0),(0,1,0,1),(0,1,1,1)}, »1 = (1,1,0,0), g1 =
(1,0,0,0),g2 = (0,0,1,0), and g3 = (1,1,1,0). Then, a 2—path covering of
Q4 — F that connects r; to g1 and gs to g3 does not exist.

We now prove that 5 € As202. Let n > 5. We can assume that F =
{r1,r2,73,9} with 71,7, r3 being red and g being a green vertex. Let & =
{(g91,92), (g3,94)} be the set of pairs of green end vertices. We are looking for
2—path coverings of Q,, — F with paths that connect g; to g, and g3 to g4. We
split Q,, into two plates with two red vertices in the top plate, say ry and rs,
and 73 in the bottom plate. Then we consider a group of cases when the green
deleted vertex g is on the top plate and another group of cases when the green
deleted vertex is on the bottom plate. The cases within each group depend on
the distribution of the green terminals on the plates.
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Case A. The green deleted vertex is on the top plate.

Subcase A1. All the green terminals are on the top plate.

Let (g1,&) be a Hamiltonian path on Q°? — {ry,rs, g} that connects g; to
g2. Such path exists since [3,1,0,1] = 4. Let & = nfu with gi1p = g3 and
9118 = g4, where g3, g4 are renumbered, if necessary. Let (g1&'v, () be a Hamil-
tonian path on Q%! — {r3} that connects gi1&’v to go(uf?)’v. Such path exists
since [1,1,0,1] = 2. The desired 2—path covering of Q,, — F for this case is
(917 flvcvﬂ*)’ (93, 8)

Subcase A2. g1, g2, g3 are on the top plate and g4 is on the bottom plate.

Let (g1, &) be a Hamiltonian path on QP —{r;,rs, g} that connects g; to gs.
Such path exists since [3,1,0,1] = 4. Let £ = nf with g1 = go. Let (g3(87)'v, )
be a Hamiltonian path on Q%! — {r3} that connects g3(6%)'v to g4. Such path
exists since [1, 1,0, 1] = 2. The desired 2—path covering of Q,, — F for this case
is (glv n)ﬂ (937 (GR)/UC)'

Subcase A3. g1, gs are on the top plate and g3, g4 are on the bottom plate.

We simply connect g1 to g2 by a Hamiltonian path of Q%P —{ry,ro, g} and g3
to g4 by a Hamiltonian path of Q%% — {r3}. That produces the desired 2—path
covering of @, — F for this case.

Subcase AJ. gi1,gs are on the top plate and g, g4 are on the bottom plate.

Let (g1, &) be a Hamiltonian path on QP —{r;,ro, g} that connects g; to gs.
Such path exists since [3, 1,0, 1] = 4. We can find words 7, 8, and a letter = such
that & = nxf, and neither g;nv nor ginzv is a deleted vertex or a terminal. Let
(g1mv, 1), (g1mzv, V) be a 2—path covering of Q% — {r3} that connects ginv to
g2 and g1nzv to g4. Such path covering exists since [1, 1,1, 1] = 4. The desired
2—path covering of Q,, — F for this case is (g1, nvu), (g3, 0%vv).

Subcase A5. ¢y is on the top plate and gs, g3, g4 are on the bottom plate.

Let » # r3 be a red vertex on the bottom plate such that rv # g1,9. Let
(92,7), (g3, 0) be a 2—path covering of Q%°*—{r3} that connects g, to r and g3 to
g4. Such path covering exists since [1,1,1,1] = 4. Let (g1, ) be a Hamiltonian
path of Q%P — {ry,ry, g} that connects g; to rv. The desired 2—path covering
of Q,, — F for this case is (g1, pon®), (g3, 0).

Subcase A6. All the green terminals are on the bottom plate.

First we assume that either g3 or g4 (or, equivalently, g; or g2) is not ad-
jacent to gv. Without loss of generality we can assume that g3 is at distance
at least three from gv and let = be a letter such that gszv # g. Let (¢1,&)
be a Hamiltonian path of Q%! — {r3, gs,goz} that connects g; to g4. Such
path exists since [3,1,0,1] = 4. Then £ = nf with ¢g1n = g3. Observe that
our assumption on gs guarantees that gin’v # g. Let (g11'v,() be a Hamil-
tonian path on QP — {ry,ry, g} that connects g1n7'v to gozv. Such path exists
since [3,1,0,1] = 4. The desired 2—path covering of Q, — F for this case is
(g91,m'vCva), (g3,0).

Now let us assume that gv = r3 and all the vertices g1, g2, g3 and g4 are
adjacent to gv. Then we can use the same construction as in the previous case
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to find the desired 2—path covering. In this case the requirement one of the
green terminals to be at distance three from gv is not necessary since gv = rs.

Finally, let us assume that gv # r3 and g3 and g4 are adjacent to gv. This
means that there exist letters x,y such that gsz = g4y = gv. Let (¢1,£) be a
Hamiltonian cycle in Q%°* —{r3, g3, g4, gv}. Such cycle exists since [4] = 4. Then
& = nf with g1 = g2. Let (g1m'v, () be a Hamiltonian path of QP — {ry,r9, g}
that connects g1n'v to g1&’v. Such path exists since [3,1,0, 1] = 4. The desired
2—path covering of Q,, — F for this case is (g1, 7' v¢v(0)%), (g3, 2y).

Case B. The green deleted vertex is on the bottom plate.

Subcase B1. All the green terminals are on the top plate.

Let (g1,&), (93,m) be a 2—path covering of QP — {ry, 75} that connects g;
to g2 and g3 to g4. Such path covering exists since [2,2,0, 2] = 4. Without loss
of generality we can assume that the word £ is not shorter than the word 7.
Therefore, there exist words p, v and a letter « such that £ = pzr with neither
g1 nor g1 v being a deleted vertex. Let (g1 v, ¢) be a Hamiltonian path of
Qbot _{r3 g} that connects g; v to gy prv. Such path exists since [2,0, 1,0] = 4.
The desired 2—path covering of Q,, — F for this case is (g1, pv¢vr), (g3, n).

Subcase B2. g1, g2, gs are on the top plate and g4 is on the bottom plate.

Let g5 be a green vertex on the top plate such that gsv is not a deleted
vertex. Let (g1,&), (93,m) be a 2—path covering of QP — {ry,ry} that connects
g1 to g2 and g3 to gs. Such path covering exists since [2, 2,0, 2] = 4. Let (gsv, ¢)
be a Hamiltonian path of Q%* — {r3, g} that connects gsv to g4. Such path
exists since [2,0, 1,0] = 4. The desired 2—path covering of Q,, — F for this case
is (91,€), (93, mvC).

Subcase B3. g1, g2 are on the top plate and gs, g4 are on the bottom plate.

Since n > 4 we can find words 7,60 of length greater than three such
that (gs,n0) is a Hamiltonian cycle of Q%! — {r3, g} with g3n = g4 (Lemma
3.14). For at least one of the four pairs of green vertices (gsp(n)v, g3n'v),
(g30(m)v, 940(0)v), (g3n'v, 946'v), (9ap(0)v, g40'v) the two elements in the pair
are not terminals on the top plate.

Assume that neither gsp(n)v nor gsn’v is a terminal vertex. Let (g1, p),
(g2,v) be a 2—path covering of Q%P — {ry,ro} that connects g1 to gzp(n)v and
g2 to gsn'v. Such path covering exists since [2,2,0,2] = 4. The desired 2—path
covering of Q,, — F for this case is (g1, pvn*vv'?), (g3, 07).

The case when neither gsp(6)v nor g46’v is a terminal vertex is equivalent
to the previous case.

Assume now that neither gzp(n)v nor gsp(f)v is a terminal vertex. Let
(91, 1), (9ap(0)v,v) be a 2—path covering of Q%P — {ry,ro} that connects g; to
g2 and g40(0)v to gse(n)v. Such path covering exists since [2,2,0,2] = 4. The
desired 2—path covering of Q,, — F for this case is (g1, i), (93, (67) vvon®).

The case when neither gsn’v nor g46’v is a terminal vertex is equivalent to
the previous case.

Subcase B4. g1,gs are on the top plate and g2, g4 are on the bottom plate.



PATH COVERINGS WITH PRESCRIBED ENDS IN FAULTY HYPERCUBES 27

Let x be a letter such that gox # r3 and goxv # g1, g3. Such letter exists
since the dimension of the plates is greater than or equal to 4. Let (g4,&) be a
Hamiltonian cycle of Q% — {r3, g, g2, gox’}. Such cycle exists since [4] = 4. We
can also assume that g4&’v # g1 by replacing € with &%, if necessary.

Assume that g,&v = g3. Let (g1,4) be a Hamiltonian path of QP —
{r1,72,93} that connects g1 to gexv. Such path exists since [3,1,0,1] = 4.
The desired 2—path covering of Q,, — F for this case is (g1, pvx), (g4,&'v).

Finally, if g4&'v # g3 we proceed as follows. Let (g1, 1), (93, V) be a 2—path
covering of QP — {r; ro} that connects g; to goxv and g3 to g4&’v. Such path
covering exists since [2,2,0,2] = 4. The desired 2—path covering of Q,, — F for
this case is (g1, uvz), (g3, vo(€)R).

Subcase B5. g is on the top plate and gs, g3, g4 are on the bottom plate.

Let x be a letter different from v such that gox # rs and gozv # g1. Let
(g3,&) be a Hamiltonian cycle of Q%" — {rs, g, g2, gox} ([4] = 4). € = n¢ with
g3n = gs4. We can also assume, by renumbering the vertices and/or reversing
the cycle if necessary, that 1 has more than two letters and that gsn’ # gqv.

If gsp(n) is also different from gyv then let (g1, 1), (93n7'v,v) be a 2—path
covering of QP — {r; ,ry} that connects g; to gsp(n)v, and gsn'v to geaw
([2,2,0,2] = 4). The desired 2—path covering of Q,, — F is (g1, uv(n*) vvvz),
(937 CR) .

If g3¢0(n) = g1v then let (g3n'v, 1) be a Hamiltonian path of QP —{ry, 72, g1}
that connects gsn’'v to gazv ([3,1,0,1] = 4). The desired 2—path covering of
Qn — Fis (g1,v(n*) vpvz), (g3, ™).

Subcase B6. All the green terminals are on the bottom plate.

Let (g1,€) be a Hamiltonian cycle of Q%% — {r3,g}. Such cycle exists for
[2] = 3. Since the dimension of the plates are greater than or equal to 4 we
can also assume that the distance from g; to go along the cycle is at least
4 (Lemma 3.14). There are two essentially different distributions of the four
green terminals along the cycle. In the first case £ = nf(k with g1 = g2, 920 =
g3, 93C = ga, where g3, g4 are to be renumbered, if necessary. In the second case
& = nl(k with g1n = g3, g30 = g2, g2 = g4, Where g3, g4 are to be renumbered,
if necessary.

In the first case we proceed as follows. Let (g1p(n)v,p),(¢g1m'v,v) be a
2—path covering of QP — {ry, 7} that connects g1p(n)v to g1(k%)v and
g1m'v to g20’v. Then the desired 2—path covering of Q, — F for this case
is (g1, (K7) v o vve(0)F), (g3, ¢).

In the second case we proceed as follows. Let (g1n'v, i), (g30'v,v) be a
2—path covering of QP — {ry,ro} that connects g1n'v to go(’'v and g36’'v to
g4k'v. Such path covering exists since [2,2,0,2] = 4. The desired 2—path cov-
ering of Q,, — F for this case is (g1, 7' vuv(¢")), (g3, 0 vvv(k)E). O

Lemma 5.7. [2,0,0,2] = 5.
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Proof. Tt follows from Lemma 5.4 that [2,0,0,2] < [3,1,1,1] and since
[3,1,1,1] =5 (Lemma 5.6) we have [2,0,0,2] < 5. The following counterexam-
ple shows that [2,0,0,2] > 5.

Let r = (0,1,1,0), 7, = (0,0,1,1), 7o = (0,1,0,1), g = (1,1,0,1), g1 =
(1,0,1,1), g2 = (1,1,1,0) be vertices in Q4. Then it is not difficult to verify
that a 2—path covering of Q4 — {r, g} with path ~; connecting r; to r and
path v, connecting g; to go does not exist. O

Lemma 5.8. ([5,1,0,1] = 5) Let n > 5 and F = {ry,r2,73,91,92} be a
fault with three distinct red and two distinct green vertices. If g3, g4 € Qp — F
are two distinct green vertices then there exists a Hamiltonian path of Q,, — F
that connects gs to g4. The claim is not true if n = 3 or n = 4.

Proof. Tt follows from Lemma 5.3 that if £ > 4 and k € As 1,01 then k
is in A4,0.1,0 and since [4,0,1,0] = 5 we have [5,1,0,1] > 5. We shall prove
that [5,1,0,1] = 5. Let n > 5. Split Q,, into two plates in a way that two red
vertices, say r1 and 73, are on the top plate and r3 is on the bottom plate. We
shall consider all essentially different cases depending on the distribution of the
two green deleted vertices and the two green terminals.

Case A. The two green deleted vertices are on the top plate.

Subcase A1. g3 and g4 are on the top plate.

Use [4] = 4 to find a Hamiltonian cycle (g3, &) of QP — {ry,72, 91,92} Let
& =nb, with gsn = g4. Use [1,1,0,1] = 2 to find a Hamiltonian path (g3n'v, ()
of Q%! — {r3} that connects g3n'v to g3¢’v. The desired Hamiltonian path of
Q,, — F for this case is (g3, 7' v¢v(0)F).

Subcase A2. gs is on the top plate and g4 is on the bottom plate.

Use [4] = 4 to find a Hamiltonian cycle (g3,&) of QP — {ri,72,91,92}.
Either gs¢(&) or g3&’ is not adjacent to g4. Assume, without loss of generality,
that g3&’ is not adjacent to g4. Use [1,1,0,1] = 2 to find a Hamiltonian path
(g3&'v,m) of Q%' — {r3} that connects g3¢’v to gs4. The desired Hamiltonian
path of Q,, — F for this case is (g3, & vn).

Subcase A3. g3 and g4 are on the bottom plate.

Use [4] = 4 to find a Hamiltonian cycle y of Q!P —{ry, 7, g1,g2}. Let a,b be
two consecutive vertices along this cycle such that neither av nor bv is a deleted
vertex or a terminal and let v = (a, &), with a{’ =b. Use [1,1,1,1] =4 to find
a 2—path covering (av,n), (bv, ) of Q% — {r3} that connects av to g3 and bv
to g4. The desired Hamiltonian path of Q,, — F for this case is (g3, n"v¢'v0).

Case B. gy is on the top plate and gs is on the bottom plate.

Subcase B1. g3 and g4 are on the top plate.

Use [3,1,0,1] = 4 to find a Hamiltonian path (g1,&) of QP — {ry,r9, g1}
that connects g3 to g4. Since n > 5 there exist words 7,6 and a letter x such
that £ = naf, and neither gsnv nor gsnzv is a deleted vertex. Use [2,0,1,0] =4
to find a Hamiltonian path (gsnv, () of Q%% — {rs, go} that connects gsnuv to
g3nzv. The desired Hamiltonian path of Q,, — F for this case is (g3, nv¢v0).
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Subcase B2. gs is on the top plate and g4 is on the bottom plate.

Let g5 be a green vertex on the top plate such that neither gs nor gsv is
a deleted vertex or a terminal. Use [3,1,0,1] = 4 to find a Hamiltonian path
(g3,&) of QP — {ry,ry, g1} that connects g3 to gs. Use [2,0,1,0] = 4 to find
a Hamiltonian path (gsv,n) of Q%' — {r3,go} that connects gsv to gs. The
desired Hamiltonian path of Q,, — F for this case is (g3, {vn).

Subcase B3. g3 and g4 are on the bottom plate.

Let g5 and gg be any two green vertices on the top plate different from
g1 such that neither gsv nor ggv is a deleted vertex (clearly they cannot be
terminal vertices). Use [3,1,0,1] = 4 to find a Hamiltonian path (gs,&) of
Qtor — {ry, 79, g1} that connects g5 to gs. Use [2,0,2,0] = 4 to find a 2—path
covering (g3,n), (g4,0) of Q% —{r3, g2} that connects g3 to gsv and g4 to gev.
The desired Hamiltonian path of Q,, — F for this case is (g3, nvévd®).

Case C. The two green deleted vertices are on the bottom plate.

Subcase C1. gs and g4 are on the top plate.

Let g5 and gg be any two green vertices on the top plate different from g3
and g4 such that gsv # r3 and ggv # r3. Use [2,0,2,0] = 4 to find a 2—path
covering (g3, &), (g4,m) of QP — {ry,ro} that connects g3 to g5 and g4 to gs.
Use [3,1,0, 1] = 4 to find a Hamiltonian path (gsv, ¢) of Q%% —{r3, g1, g2} that
connects gsv to ggv. The desired Hamiltonian path of Q, — F for this case is
(g5, EvCon’).

Subcase C2. g3 is on the top plate and g4 is on the bottom plate.

Let 74 be a red vertex on the bottom plate such that neither r4 nor r4v is a
deleted vertex or a terminal. Use [4] = 4 to find a Hamiltonian cycle (g4,&) of
Qbot — {13 74, 91,g2}. By replacing ¢ with £7, if necessary, we can assume that
gs€'v # g3. Since the bottom plate is of dimension at least 4, there exists a
letter y such that g5 = r4y is neither a terminal nor a deleted vertex. Let & = nf
with g4n = g5. Set gg = gan'v or gs = gane(f)v, making sure that g # gs.
Use [2,2,0,2] = 4 to find a 2—path covering (g3, 1), (gs,v) of QP — {r,r2}
that connects g3 to g4€’v and gg to r4v. The desired Hamiltonian path of
Q,, — F for this case is (g4, n'vvvydop?) if gs = gan'v or (g, nyvvFvd*vu®)
if go = gane(0)v.

Subcase C3. g3 and g4 are on the bottom plate.

Let r4 and r5 be any two red vertices on the bottom plate that are not
deleted vertices. Use [3,1,0,1] = 4 to find a Hamiltonian path (r4, &) of Q% —
{r3, 91, g2} that connects r4 to 75 and let & = nfu, with r4n = g3 and r4nf = g,
where g3 and g4 should be renumbered, if necessary. If the length of 7 is at
least three then use [2,2,0, 2] = 4 to find a 2—path covering (r4n'v, v), (g36'v, ()
of QP — {ry,ry} that connects r4n'v to rsv and g36’v to ryv. The desired
Hamiltonian path of Q,, — F for this case is (g3, 0'vCvn/vvoul).

The case when the length of s is at least three is equivalent to the case when
the length of 7 is at least three.

If n and p are both of length one then 6 is of length greater than three. In
this case use [2,2,0,2] = 4 to produce a 2—path covering (r4v,v), (93¢(0)v, ()
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of Q%P — {ry,ry} that connects ryv to g36’v and gsp(6)v to rsv. The desired
Hamiltonian path of Q,, — F for this case is (g3, novv(0™)FvCoul). O

Lemma 5.9. ([3,3,0,3] < 6) Let n > 6 and F = {ry1,r2,73} be a fault
in Q,, with three distinct red vertices. If ¢1, g2, g3, 9a, g5, g6 are six distinct
green vertices in Q,, — F then there exists a 3—path covering of Q,, — F that
connects gy to g, g3 to g4, and gs to gg.

Proof. Split Q,, into two plates with two red vertices, say r; and 72, on the
top plate, and r3 on the bottom plate. We consider several cases that depend
on the distribution of the green terminals on the plates.

Case 1. All the green terminals are on the top plate.

Without loss of generality we can assume that ggv # r3. Let x be a letter
such that gsx is not a deleted vertex. Let (g1,£), (¢93,7) be a 2—path covering of
QP — {ry 1y, g5, gsz} that connects g; to go and g3 to g4. Such path covering
exists since [4,2,0,2] = 5. Without loss of generality we can assume that gg lies
on the path from g3 to g4. Let n = 8¢ with g36 = g¢ and let (gszv, p), (g30'v,v)
be a 2—path covering of Q%* — {r3} that connects gszv to gev and gz0'v to
gep(C)v. Such path covering exists since [1,1,1,1] = 4. The desired 3—path
covering of Q,, — F for this case is (g1, &), (g3, 0'vvv¢*), (g5, xopv).

Case 2. g1, 92,93, 94,95 are on the top plate and gg is on the bottom plate.

Let x be a letter such that gsx is not a deleted vertex and gszv # gg. Let
(91,€), (93,m) be a 2—path covering of QP — {r1, 79, g5, gsz} that connects g
to g2 and g3 to g4. Such path covering exists since [4,2,0,2] = 5. Let (gszv, u)
be a Hamiltonian path of Q%! —{r3} that connects gszv to ge. Such path exists
since [1,1,0,1] = 2. The desired 3—path covering of Q, — F for this case is
(91,€), (g3:m), (g5, TOM).

Case 3. g1, 92, 93, g4, are on the top plate and g5, gg are on the bottom plate.

Here we simply connect g; to g2 and g3 to g4 by a 2—path covering of
QP _Iry ro} and g5 to gg by a Hamiltonian path of Q% —{r3}. That produces
the desired 3—path covering of Q,, — F for this case.

Case 4. g1, 92, 93, gs are on the top plate and g4, g are on the bottom plate.

Let = be a letter such that gsxv # g¢4,96, and let g be any green vertex
on the top plate such that gv # r3. Let (g1,&), (95,7) be a 2—path covering
of QP — {ry,r9, g3, g3z} that connects g; to g2 and g5 to g. Such path cov-
ering exists since [4,2,0,2] = 5. Let (gszv, 1), (gv,v) be a 2—path covering of
Qbet — Irs) that connects gszv to g4 and gv to gg. Such path covering exists
since [1,1,1,1] = 4. The desired 3—path covering of Q,, — F for this case is
(91,€), (g3, zvp1), (95, MVV).

Case 5. g1, 92, g3, are on the top plate and g4, g5, gs are on the bottom plate.

Let g be a green vertex on the top plate such that gv # r3. Let (g1, &), (93,7)
be a 2—path covering of QP — {ry,75} that connects g; to g and g3 to g.
Such path covering exists since [2,2,0,2] = 4. Let (gv, ), (g5, ) be a 2—path
covering of Q%* — {r3} that connects gv to g4 and g5 to gs. Such path covering
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exists since [1,1,1,1] = 4. The desired 3—path covering of Q,, — F for this case
is (91,€), (g3, nvp), (gs, V).

Case 6. g1, 9s, gs are on the top plate and g2, g4, g are on the bottom plate.

Without loss of generality we can assume that gsv # r3. Since g1 and g3
together have at least eight neighbors in Q!°P (Lemma 5.2) and there are only
two deleted red vertices on the top plate and three green terminals on the
bottom plate, we can also assume, renumbering g; and g3, if necessary, that
there is a letter x such that gszv is not a terminal and gsx is not a deleted
vertex. Finally, let y be a letter such that gy # r3 and goyv is not a terminal.
Let (g1,7m) be a Hamiltonian path of QP —{ry,rs, g3, g3z, g5 } that connects g;
to gayv. Such path exists since [5, 1,0, 1] = 5. Let (gszv, 0), (g5v, () be a 2—path
covering of Q%! — {r3 gs, goy} that connects gzzv to g4 and gsv to gs. Such
path exists since [3, 1, 1, 1] = 5. The desired 3—path covering of Q,, —{r1, 2,73}
for this case is (g1, nvy), (93, zv), (g5, v().

Case 7. g1, g are on the top plate and g3, g4, g5, g¢ are on the bottom plate.

Let x,y be letters such that neither gsxzv nor geyv is a terminal vertex.
Let (g1,&), (g5xv,m) be a 2—path covering of QP — {ry,ro} that connects g;
to go and gszv to geyv ([2,2,0,2] = 4). Let (g3,u) be a Hamiltonian path
of Qb — {r3, 95,957, g, gsy} that connects gz to g4. Such path exists since
[5,1,0,1] = 5. The desired 3—path covering of Q,, — {r1, 72,73} for this case is
(91,€), (g3, 1), (g5, TVMVY).

Case 8. g1, gs are on the top plate and g2, g4, g5, g6 are on the bottom plate.

Let x be a letter such that g4z # r3 and gyxv is not a terminal, and let
g be any green vertex on the top plate such that gv # r3. Let (¢g1,¢), (93,7)
be a 2—path covering of QP — {ry,ro} that connects g; to g and g3 to gszv
([2,2,0,2] = 4). Let (gv, i), (gs,v) be a 2—path covering of Q% — {r3, g4, g4z}
that connects gv to g2 and g5 to gs. Such path covering exists since [3,1,1,1] =
5. The desired 3—path covering of Q,, — {r1,r2,r3} for this case is (g1, &vu),
(937 77@1')7 (957 V)'

Case 9. gy is on the top plate and ¢, g3, g4, g5, g6 are on the bottom plate.

Assume that there exists a letter  such that gox = g1v # r3. Let (g3, &),
(g5,7m) be any 2—path covering of Q% — {r3, gz} that connects g3 to g4 and gs
to ge. Such path covering exists since [2, 2,0, 2] = 4. Without loss of generality
we can assume that go lies on the path connecting g3 to g4. Let & = pur with
gap = g2 and let (g3u'v,¢) be a Hamiltonian path of QP — {ry,re, g1} that
connects gsp'v to gap(v)v ([3,1,0,1] = 4). The desired 3—path covering of
Q. — {r1,ra, 3} for this case is (g1, vz), (g3, 'vCvv*), (g5,7M)-

If gyjv = r3 or if the distance from g; to g is greater than 2 we let =
be any letter such that gox # r3. Let (gs3,&),(g5,17) be any 2—path cover-
ing of QY% — {r3, gox} that connects g3 to g4 and g5 to gs ([2,2,0,2] = 4).
Without loss of generality we can assume that g lies on the path connecting
g3 to gs4. Let & = pv with gsu = go and let (g1,6), (g3p’'v,¢) be a 2—path
covering of QP — {ry,ry} that connects g; to gozv and gsp'v to gep(v)v
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([2,2,0,2] = 4). The desired 3—path covering of Q,, — {r1,r,r3} for this case
is (917 91}1’), (933 :U'/UCUV*)a (957 77)

Case 10. All the green terminals are on the bottom plate.

Let z and y be any letters different from v. Let (g1,£) be a Hamiltonian
path of Q%! — {r3,gs,95T, 96, gey} that connects g; to go. Such path exists
since [5,1,0,1] = 5. We can assume that & = nf¢ with g3 = g11, 94 = g0,
by renumbering g3 and g4, if necessary. Let (gszv, u), (91,7’ v,v) be a 2—path
covering of Q%P — {ry,r3} that connects gszv to geyv and gin'v to gap(C)v
([2,2,0,2] = 4). The desired 3—path covering of Q,, — {r1,r2,r3} for this case
is (g1, n'vrv¢*), (g3,0), (g5, TvpVY). O

The following corollary follows directly from Lemma 4.7, Lemma 5.9, and
Lemma 5.3.

Corollary 5.10. 5=1[0,0,3,0] < [1,1,2,1] < [2,2,1,2] < 6.
Corollary 5.11. [0,0,1,2] <6,5<[1,1,0,3] <6, and [5,1,1,1] > 5.1

Proof. The upper bounds of the first two inequalities follow directly from
Corollary 5.10 and Lemma 5.4. The last inequality follows from Lemma 5.5
and the fact that [4,2,0,2] = 5 (Lemma 5.6). The following counterexample
shows that [1,1,0,3] > 5.

Let n = 4 and r = (0,1,1,0). Let also r;y = (0,0,1,1), ro = (0,1,0,1),
g1 =(1,0,1,1), go = (1,1,1,0), g3 = (1,1,0, 1), and g4 = (1,0,0,0) be vertices
in @4 — {r}. Then one can directly verify that a 3—path covering of Q4 — {r}
with paths connecting 71 to r2, g1 to g2, and g3 to g4 does not exist. (I

Lemma 5.12. ([8] = 6) Let n > 6 and F be any neutral fault of mass
eight in Q,,. Then Q,, — F is Hamiltonian.

Proof. Let n > 6. We split Q,, into two plates so that each plate has at least
one red deleted vertex. There are two general cases: Case A — there are two red
deleted vertices on each plate and Case B — there are three red deleted vertices
on the top plate and one red deleted vertex on the bottom plate. Within each
general case there are subcases that depend on the distribution of the green
deleted vertices on the plates.

Let the fault be F = {ry,r9,73,74,91, g2, g3, g2} with the r; red and the g;
green.

Case A. ri,ry are on the top plate and rs,r4 are on the bottom plate.

Subcase A1. All the green deleted vertices are on the top plate.

Let (g1,€), (g2,n) be a 2—path covering of Q!P — {ry,ro} that connects g;
to g3 and gs to g4. Such path covering exists since [2, 2,0, 2] = 4. Let (¢1&'v, 1),
(g19(&)v,v) be a 2—path covering of Q% — {r3,r,} that connects g;&'v to

LWhile this paper was under review the authors were able to prove that [0,0,1,2] = 4
(4], 1,1,0,3] =5, [1,1,2,1] = 5 ([6]), [4,0,2,0] = 5 and [7,1,0,1] = 6 ([5]).
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gan'v and g1p(§)v to go(n)v. Such path covering exists since [2,2,0,2] = 4.
The desired Hamiltonian cycle for this case is (g10(€), & vuv(n'*) Fov o).

Subcase A2. g1, 92, gs are on the top plate and g4 is on the bottom plate.

Let r5,7¢ be any two non-deleted red vertices on the top plate such that
neither rsv nor rev is a deleted vertex. Let (r5,&) be a Hamiltonian path
of QP — {ry,79,01,92,93} that connects r5 to rg. Such path exists since
[5,1,0,1] = 5. Let (r¢v,n) be a Hamiltonian path of Q%% — {rs, 74,94} that
connects r¢v to r5v. Such path exists since [3,1,0,1] = 4. The desired Hamil-
tonian cycle for this case is (5, {vnv).

Subcase A3. g1, go are on the top plate and g3, g4 are on the bottom plate.

Let 7,9 be a red and a green non-deleted vertices on the top plate such
that neither rv nor gv is a deleted vertex. Let (r,£) be a Hamiltonian path of
QtoP —{ry 1y, g1, g2} that connects r to g. Such path exists since [4,0,1,0] = 5.
Let (gv,n) be a Hamiltonian path of Q%' — {r3,74,93,94} that connects gv
to rv. Such path exists since The desired Hamiltonian cycle for this case is
(r, Eon).

Case B. r1,79,73 are on the top plate and r4 is on the bottom plate.

Subcase B1. All the green deleted vertices are on the top plate.

Let (g1,€) be a Hamiltonian path for QP — {ry, 75,73, g3, g4} that connects
g1 to ga. Such path exists since [5,1,0,1] = 5. Let (¢1£'v,n) be a Hamiltonian
path of Q%* — {r;} that connects gi1&’v to g1¢(€)v. Such path exists since
[1,1,0,1] = 2. The desired Hamiltonian cycle for this case is (g1¢(§), & vnv).

Subcase B2. g1, g2, gs are on the top plate and g4 is on the bottom plate.

Let v be any Hamiltonian cycle of QP — {ry,rs, 73,91, 92,93}. Such cycle
exists since [6] = 5. We can find a vertex g on this cycle such that v = (g, &)
with neither gv nor g¢'v being a deleted vertex. Let (¢g€'v,n) be a Hamiltonian
path of Q%! —{r,, g4} that connects g¢’v to gv. The desired Hamiltonian cycle
for this case is (g, 'vnv).

Subcase B3. g is on the top plate and gs, g3, g4 are on the bottom plate.

Let g5, g6, g7, gs be any green non-deleted vertices on the top plate such that
none of gsv, gev, g7v, gsv is a deleted vertex. Let (gs,&), (g7,m) be a 2—path
covering of QP —{ry,rs, 73, g1} that connects g5 to g and g7 to gs. Such path
covering exists since [4,2,0,2] = 5. Let (gev, ), (gs, V) be a 2—path covering
of Q%' — {r4,92,93,94} that connects gev to grv and ggv to gsv. Such path
covering exists since [4,2,0,2] = 5. The desired Hamiltonian cycle for this case
is (g5, Evponurw).

Subcase B4. g1,g2 are on the top plate and g3, g4 are on the bottom plate.

This case is equivalent to Subcase A2.

Subcase B5. All the green deleted vertices are on the bottom plate.

This case can be avoided if n = 6. Indeed, if the four deleted red vertices are
contained in a three dimensional subcube of Qg then we can split Qg into two
plates with 2 deleted red vertices on each plate. If the four deleted red verctices
are not contained in any three dimensional subcube of Qg then there are at
least 4 coordinates that split the red vertices. At least one of these coordinates
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must split the green deleted vertices as well, for otherwise the 4 green deleted
vertices would have to be contained in a two dimensional subcube which is
impossible. Therefore, for this case we assume that n > 7.

Let (g1, &) be a Hamiltonian path of Q%% —{r,} that connects g; to g4. Such
path exists since [1,1,0,1] = 2. It follows from Lemma 4.4, renumbering go
and g3, if necessary, that & = n¢ with g1n = g2, g20 = g3, 93¢ = g4 and the
words 7, 0, and ¢ each of length at least 4. Let (g1(n)v, k), (g3p(¢)v, p), and
(g2¢0(8)v,v) be a 3—path covering of QP — {ry,ro,rs} that connects gy p(n)v
to g1&'v, gsp(Q)v to g26'v, and ga(0)v to gin'v. The existence of such path
covering follows from Lemma 5.9. The desired Hamiltonian cycle for this case

is (g10(n), vev(¢"™) Fopv(07) Fovo (™). 0

6. CONCLUDING REMARKS AND CONJECTURES

We have found several values of [M, C, N, O] when the parameters involved
are relatively small. Unfortunately, as the parameters increase the number
of cases to be considered in the proofs becomes extremely large. We hope
that further analysis and improvement of our proofs will lead to substantial
simplifications. Our results support the following conjectures:

Conjecture 6.1. (Locke [16]) Let k > 0. Then [2k] = k + 2.

We have already discussed that [2k] > k 4+ 2. And after this paper we know
that the conjecture is true for 0 < k < 4. The proof of this conjecture for k > 5,
which depends on the proof of Conjecture 6.2, is contained in [3].

Conjecture 6.2. Let k > 1. Then [2k +1,1,0,1] =k + 3.

In this article we have proved that this conjecture is true for k = 1 and k = 2
and the proof for the case k = 3 is contained in [5]. The proof of this conjecture
for k > 4, which depends on the proof of Conjecture 6.1, is contained in [7].
Here we can show that [2k + 1,1,0,1] > k + 3. Indeed, let r be any red vertex
in Q4o and F be a fault of mass 2k + 1 that contains any k + 1 red vertices
different from r and all the green vertices adjacent to r except two vertices gy
and go. Then, obviously, the only path in Q.o — F that connects g7 to g2 and
visits r is of length 3 and cannot be a Hamiltonian path of Q4o — F if k > 1.

The following conjecture is a direct corollary of Conjecture 6.2.

Conjecture 6.3. Let k > 1. Then [2k,0,1,0] = k + 3.

In this article we have proved this conjecture for k = 1 and k = 2. Let us
prove that [2k,0,1,0] > k + 3.

Let z1,29,...,2Tk4+2 be the standard generators of Z§+2. We select any red
vertex r in Q1o and set

F ={rz1,rxa, ..., "y, TTp12T1, TTk12L2, . ., TTE 2Tk |-
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Then the only path that connects raxy41 to rog41Tk4+2 and visits r is of length
3 and cannot be a Hamiltonian path of Qg o — F if £ > 1.

Conjecture 6.4. Let k > 0. Then [2k +1,1,1,1] = k + 4.

In this article we have proved this conjecture for k£ = 0, 1. Let us prove that
2k+1,1,1,1] > k+ 4.

Let {x1,22,...,2kt+3} be the standard generators of Z§+3. We select any
red vertex r in Q43 and set

F ={rz1,r®a, ..., "k, TTE13T1, TTE13L2, -+« TTE43Lk41 )

Then there does not exist a 2—path covering of Q3 — F that connects raj41
t0 1&gt and ragoxk 3 to any green vertex g ¢ F for r and ragy3 are blocked
between all deleted and terminal vertices.

Even though our main focus in this article is the production of path coverings
with prescribed ends for the hypercube with or without deleted vertices, we
occasionally have considered the more general problem of prescribing ends and
edges. The following conjecture is related to this problem.

Conjecture 6.5. Let k > 0 and n > k + 4. Let also F be any fault in Q,,
with k 4+ 1 red vertices and k green vertices, g1 and go be two green vertices in
Q, — F, and e = {a, b} be any edge different from {g1, g2} and not incident to
any of the vertices of F. Then there exists a Hamiltonian path of Q,, — F that
connects g1 to go and passes through the edge e.

In this article we have proved this conjecture for £ = 0. To see that n > k+4,
assume that n = k 4+ 3, and let » and F be selected as in the discussion of
Conjecture 6.4. Let g1 = rap41,92 = ragsa, and e = {g2, 7T 32k4+2}. Then
the only path in 9, — F that connects g; to g, passes through e, and visits
TTk43 1S g2, "Tk43Tk+2, TTE13, T, g1 Which obviously is not a Hamiltonian path
of Q]H_g - F.

Finally, we point out that in [2] we use results from this article to obtain the
following generalization of a theorem of Fu [12]:

Theorem 6.6. ([2]) Let f and n be integers withn > 5 and 0 < f < 3n—7.
Then for any set of vertices F of cardinality f in Q,, there exists a cycle in
Q,, — F of length at least 2™ — 2f.

APPENDIX A. 2—PATH COVERINGS OF Qy

When a neutral pair is deleted from Q4 one can still freely prescribe the
ends for a 2—path covering of the resulting graph. In spite the fact that the
dimension is so low we find it difficult to verify this statement by inspection.
Therefore, we provide a proof below for the benefit of the reader.
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Lemma A.1. Let F = {r,g} be a neutral fault in Qq4, and r1,72, g1, go be
two red and two green vertices in Q4 — F. Then there exists a 2—path covering
of Q4 — F with one path connecting r1 to g1 and the other connecting 5 to gs.

Proof. The deleted vertices r and g have opposite parity and belong to Qy4.
Therefore we can split Q4 in such way that both vertices belong to the same
plate, say fop . We consider all essentially different cases that depend on the
distribution of the vertices r1, 72, g1, g2 between the plates.

Case 1. 11,72,91,92 € Q5P

Subcase 1(a). Let {ry,g1},{r2,92} € Big). Then there exists a one-letter
word z such that (1, ), (g1, ) is a 2—path covering of fop —{r,g,72,92}. Let
(r12v, 1), (rov, v) be a 2—path covering of Q4°* that connects ryzv to g;zv, and
r9v t0 gov. Such path covering exists since [0,0,2,0] = 2. The desired 2—path
covering of Q4 — {r, g} is (r1,zvpvz), (ro, vvv).

Subcase 1(b). If either {ry,g1} or {ro, g2} is not in By, ;3 we can assume
without loss of generality that {ri,g1} & By, 4. Then, according to Lemma
3.5(1), there exists a Hamiltonian path (r1,€) of Q" — {r, g} that connects |
to g1. Let & = nf¢ with (r1n, r1nd) equals (o, g2) or (g, r2). Let also (r1nv, u)
be a Hamiltonian path of Q}°* that connects r1n'v to g1(¢*)'v. The desired
2—path covering of Q4 — {r, g} is (r1, 7' vpv*), (r1n, 0).

Case 2. r1,79,g1 are on the top plate and g, is on the bottom plate.

Subcase 2(a). If {g1,72} & By 4y then, according to Lemma 3.5(1), there
exists a Hamiltonian path (g1, w) of fop—}" that connects g1 to ro. Let w = &n
with g1& = 71 and let (r1¢(n)v, ) be a Hamiltonian path of Q4°* that connects
r1¢(n)v to go. The desired 2—path covering of Q4 —{r, g} is (g1, &), (g2, 0Tvn*).

Subcase 2(b). If {g1,72} € By gy then {g1,71} & By, 4y and there exists a
Hamiltonian path (g1,w) of Q4 — F that connects g1 to r1. Let w = &n with
g1€ = ro. We have to consider two sub-subcases:

(i) gav =71 Or gov = T9.

We observe that the lengths of £ and n are 1 and 4 or 3 and 2.

If £ is the longer word, then we use [0, 0,2, 0] = 2 to produce a 2—path cover-
ing (g1&'v, ), (g1€"v, v) of Q4! that connects g1&'v to go and g1 v to row(n)v.
The desired 2—path covering of Q4 — {r, g} is (g1, & vvvn*), (ga, pfvp(ER)).

If n is the longer word, then we use [0, 0,2, 0] = 2 to produce a 2—path cover-
ing (916", 1), (r20(n)v, v) of Q4 that connects g1&v to r1(nf)"v and rop(n)v
to g2. The desired 2—path covering of Q4 —{r, g} is (g1, vpvn**), (r2, p(n)vv).

(ii) gov is an interior vertex of the path (g1,w).

If £ = ¢ with g16 = gov then we use [1, 1,0, 1] = 2 to produce a Hamiltonian
path (g10'v, 1) of QP — {go} that connects ¢10'v to ra@(n)v. The desired
2—path covering of Q4 — {r, g} is (g1, 0'vuvn*), (r2, (o).

If n = 6¢ with r20 = gov then we use [1, 1,0, 1] = 2 to produce a Hamiltonian
path (g1&v, ) of Q1P — {go} that connects gi&'v to r1(¢F)'v. The desired
2—path covering of Q4 — {r, g} is (g1, 'vuvl*), (r2, 6v).
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Case 3. 1,79 € QZDP and g1, g. € Q4°F.
Find a Hamiltonian path of Q\” — {g} that connects r; to ro. The vertex
belongs to that path. Cut that path just before r and right after » and connect
these two vertices with bridges to the bottom plate. Let r3 and r4 be the ends
of these bridges that belong to the bottom plate. Then use [0,0,2,0] = 2 to
find a 2—path covering of the bottom plate that connects r3 and 74 to the
appropriate vertices g; and go.

Case 4. 11,91 € QZOP and 79, go € Q5.

Consider Q'’". Tt is not difficult to verify that either there is a Hamiltonian
path for Q1 — {r, g} that connects r; to g; or there is a path with length 3
connecting 1 to g1 such that exactly one edge remains not covered. In the first
case use [0,0,1,0] = 1 to find a Hamiltonian path for Q4°* connecting 73 to gs.
In the second case denote by r3 and g3 the vertices in the bottom plate that
are neighbors of the vertices in fo’p that are not covered. Use Corollary 3.2 to
find a Hamiltonian path for Q4°* that connects 73 to go and passes trough the
edge {r3,g3}. Cut that path at that edge and using two bridges connect both
pieces to the non-covered edge from the top plate.

Case 5. 11, g2 € Q%P and 7y, g1 € Q4.

We consider two subcases:

Subcase 5(a). Assume that {r1,g2} & B{ 4. Then there is a Hamiltonian

path (r1,€) of Q1°” —{r, g} that connects r1 to go. There are three sub-subcases
that depend on whether or not ro or g; are adjacent to vertices inside of the
path (Tla E)

(i) Assume that & = nf with r1nv = g1. Let (rimp(0)v, u) be a Hamiltonian
path of Q%°* — {g,} that connects r11¢p(6)v to ro. The desired 2—path covering
of Q4 — F for this case is (r1,nv), (12, ufvd*).

(ii) Assume that & = 76 with g20"v = ro. Let (r1n'v, ) be a Hamiltonian
path of Q4! — {ry} that connects r17'v to g;. The desired 2—path covering of
Q4 — F for this case is (ri,n'vp), (re, v8).

(iii) Finally, let neither ro nor ¢g; be adjacent to a vertex in the path (r1,&).
Let & = zyn for some letters x,y, and a word 7. Then there is a 2—path
covering (rizv, i), (rixyv, v) of Q4! that connects rizv to g1 and rixyv to ra.
The desired 2—path covering of Q4 — F for this case is (11, zvp), (12, vRon).

Subcase 5(b). Let {r1,g2} € By gy. Then, according to Lemma 3.5, there
exist two distinct 2—path coverings of fop —{r, g} with paths of length 2, one
starting at r; and the other starting at go. We can choose a 2—path covering
of QY — {r, g} to be (r1,€),(g2,m), with r1&v # g1 or ganv # 5. There are
three sub-subcases:

(i) Let 1 &v # g1 and ganu # ro. Let (r1&v, 1), (g2nv, v) be a 2—path covering
of Q%" that connects 71&v to g1 and ganv to ro. The desired 2—path covering
of Q4 — F for this case is (r1,{vp), (g2, nov).
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(ii) Let r1&v # ¢1 and gonv = ry. Let (r1&v, ) be a Hamiltonian path of
Q%o — {ry} that connects 71£v to gi. The desired 2—path covering of @y — F
for this case is (r1,&vu), (g2, nv).

(iii) Let m&v = g1 and gonv # 7. This case is completely symmetrical to
case (ii).

Case 6. 1 € Q' and 7y, 91,92 € Q4.

Use Lemma 3.4 to find a Hamiltonian path of Q9”” — {g} that connects r to
r1 and such that the vertex gs which is next to r in this path is not adjacent to
r9. Let the second end of the bridge that begins at g3 be r3. Use [0,0,2,0] = 2
to find a 2—path covering of the bottom plate that connects r3 to g; and r5 to
g2-
Case 7. 11,79, 91,92 € QY.

Use [0,0,2,0] = 2 to find a 2—path covering of Q}°* that connects r; to g;
and 79 to go. Then find an edge that belongs to one of the two paths whose
neighbors r3 and g3 in QZOP are not deleted vertices and also {3, g3} & By g}-
Cut that path at that edge and use Lemma 3.5 to find a Hamiltonian path for

P _ {r, g} that connects 73 to gs. O

APPENDIX B

The following table summarizes some of the results obtained in this paper.
The rows represent admissible combinations of M and C and the columns
contain all the values of N and O such that N + O < 3. Each star in the table
represents an impossible case. The missing entries in the table correspond to
values of [M, C, N, O] that we do not know yet. The inequalities in the table
represent an upper or lower bound of the corresponding entry. Finally, the
entries with an asterisk are results that were obtained after this paper was
submitted for publication and therefore their proofs are not contained in this

paper.

MC\NO |01 |10|20| 11 |02 |30 |21 | 12 | 03
00 * | 1] 2 * 415 | x| 4* *
11 2 | x| % 4 * 5| % 5*
20 * | 4| 4 * 5 * *
22 * | x| *x * 4 | x| x [ <6 %
31 4 | % | % 5 * | * *

33 * | x| * * * | x| * * | <6
40 * | 5 | 5| % * *
42 * | x| % * 5 1 % | x *
44 * | x| % * * | x| % * *
51 51 % | « | >5] x| % *
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