Sequentially Closed and Absolutely Closed Spaces.

D. DigrARIAN - 1. GoroHEY

Sunto. - Si infrodwen il concetlo di spazio sequencialmoente T-chiuso. Si
dimosira che per aleune categorie T definite framile successioni, questi
spazi sono sirellomente legnii sia agli spesi wwsmeralriliments compatti
¢ apasi sequensiclmente compalli, sta agli spasi assolwlomente F-chivsi
nel gensa di [5)] e [T).

0. — Introduction.

Lot  be a category of topological spaces, a @ space X 13 said
to be sequentially (absolutely) T-elosed if it is sequentially eclosed
(equalizer of two continuous maps into u F space) in every T-spnce
¥ in which it iz embedded. Weo remind here that the equalizer
of two maps f,g: ¥ —Z is the subspace of ¥ with the subset
{ve X: f(y) = glv)} as underying set. Itis clear that if ¥ is contained
in the category Haus of Hausdorfl spaces, then every absolutely
T-closed space is F-elosged since every equalizer in 7 is a closed
subspace.

The concept of an absolutely F-cloged space was introduced
by Giul and the first named author in [7] and developed later in
[6] and [8]. While for & c Haus the T-closed spaces abound and
are well studied (see[2]), for & ¢ Haus the S-closed spaces are
quite rare. For example no Ty-olosed spaces exist and every
T.-closed gpace is finite ([1]), other examples are given in §2 of
the present paper. This iz why the absolutely T-elosed spaces
ean be considered as a substitute of the ¥-closed spaces in this
ease. In fact, for all eategories ¥ of weakly Hausdorfl spaces
congidered in [4], [9], [11] and [12] the absolute $-closedness implies
the T-closedness since for these eategories § every closed subgpace
is an equalizer in . On the other hand the definition of an absolutely
G-closed gpace is purely categorical and this permits to define
analogously absolutely #-closed objects in varions (also abstract)
categories F. For example absolutely closed semigronps and algebras
were introduced by Isbell in 1965, more about absolutely closed
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objects can be found in [8]. Absolutely F-closed spaces for some
eategories ¥ c Haus were studied in [5].

In this paper we introduee the concept of a sequentially elosed
space and we show That these spaces are alse a good substitute
of the J-closed spaces to eertaim extent, Let UB (SU8) denote
the category of all topological spaces in which every convergent
sequence has & unigue limit (eluster) point. T i easy to gee that
if ¥cUB (Tc8US8) then every sequenfially compact (countably
compact) F-space is sequentially F-closed. In §1 we show that
the converse is also true, ie, sequential US-closeduess implics
sequentinl compactness and sequential BUS-closedness implies
countable compaciness. On the other hand in §2 we show that
avery UB-closed space is finite and cvery SUB-closed space is a
finite nnion of eonverging sequences. Therefore for ¥ = TH and
HUB the sequential §-closedness seems to be a rveally good sub-
stitnte of the F-closedness,

Tozzi [12] proved that the equalizers in 8US are precisely the
sequentially cloged subspaces, thizs iz why the sequentially BUS-
closed spaces coineide also with the absolutely BUS-¢losed spaces.
On the other hand every absolutely US-elosed spaces is sequentially
compaet, while the converse is nob troe in general (see §2). We
show that every eountable sequentislly compact TUS-space X is
absolutely US-closed and conjecture that this remaing true whenever
| X} = 2%,

In a subgequent paper [10] the gecond named anthor continnes
the study of sequentially $-closed spaces for c Haus.

It is a pleasure to thank BE. Giuli for many stimulating discus-
giong on the absolutely T-cloged spaces during his stay in Sofla
in 1985

1. — Sequentially T-closed spaces.

We denote by N the (diserete) set of naturals. A sequence
in a topologieal space X will be congiderad a8 a map §: N — X,
Let MON denote the set of all monotone ope-to-one maps M — N,
then a subsequencse of 8§ is a composition Hef' for some 8'MON,
For a sequence 8 in X we denote by lim 8§ the set of limit points
of 8. Clearly XeUS if [lim 8/ =1 for every sequence § in X,
where |M| denotes the eardinality of a set M, For a subset M of
a topologieal space X we denote by M the closure of M and by
| M]s the sequential closure of M; ie. [M;={reX:zelimf
for some sequence 8 in M}, For a sequence § we denote by S{I)
the range of 8.
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Let 4 be a countably infinite subset of o topologieal space X,
The open filter on X having as & bage all open sets in X containing
all but a finite number of the elements of A will be called dlementary
open filler generated by A. Tt will be shown below that if X e US
then two countable subsets 4' and 4Y of X generate the same
open elementary filter it the symmetric difference

(A™NA") U (4™ A

ig finite (the eufficiency is obvicus). SBometimes we ghall avoid
mentioning explicitely the countable set generating such a filter 7,
in such a case we refer to F as an open elementary filier. These
filters are intreduced by the second named author in [10] following
the definition of elementary filter in Bourbaki [3], ¢hap. 1, §6, 8,

For an open filler F on & topological space X we denote by X4
the standard ome-point extenzion of X by means of F, This iy
the set X\ {3} provided with a topology which makes X open
in Xz, the relative topology of X coineides with the eriginal topo-
logy of X and a nbd of the point {F} has the form {F}u F,,
where Fuc X and FoeF. If X iz T, then X4 is T, iff

M{U:TeF}==0.

On the other hand [X]; = X ifi F is contained in some elementary
open filter on X. Tf X eUS and F is an elementary open filter
on .Y, then every sequenee in X converging to {F} in X is eventually
in the countable subset of X penerating F (see lemma 1.2 below).

LEMMA 1.1, — Let X be a 1) space and let A be a eonntable subset
of X. Then for every non-negative integer m and for every sequence 8
i X satisfying |[[S8(N)]s N A| = m there erists o subsequence §'
of 8 such that [8'(N)N A] = m.

Proor. — Lel 8 and m satisty the hypothesis, then there exisla
@ subset B of A guch that |[ANE|=m and

1) [B(N)]ls B =1.

If 4 iz finite there is nothing to prove, so sssume that 4 is infinite,
then B ie also infinite, Let @, 2., ..., #,, ... be an ordering of B.
Hince @; ¢lim 8 by (1) there exist an open nbd U, of &, and a sub-
sequence Sof (8, € MON) such that U, (8a8(N)) =0, Since
@y ¢ lim 8o, by (1) thére exist an open nbd U, of @, and a sub-
sequence of Sof, defined by 8. MON such that U, (8o8e
o8y(N)) = 8. TIn thizs way we find induetively a sequence of open
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sots Uy, Usyoicy Upy ..o and 8, e MON, such that

(2) a,el, and U, (Sefefe..o8,(N))=0 for n=1,2,....

Hot
8'(n) = SoSjo...0f (n)

for n =1,2,..., then 8 iz a subsequence of 8 with the desired
properties. In fact for every w,eB, U, (8'(N))c U, N {8{i):
i=1,2,..,n—1} because of (2). Since X is 7, and the latter
set is finite there exists a nbd U of &, which avoids the sequence 8.
Thus S (N)UB=4#@ so [FMN)NA4|=m QED.

Lemma 1.2, — Let X e TS, A be o countably infinite subsei of X
and F be the open elementary filler generated by A. Then for every
sequence 8 in X {Frelim 8 in Xg iff § is eventually in A, i.e.
SN~ A i finite.

Proor. — The sufficiency is obvious since for every orderimg
iy, Ggy ooy fny... of A the sequence {a,} converges to {F} in Xg.

Now assume that & is a sequence in X with {F}elim 8 and
S{N~A is inflnite. 'We can assume wlog that S(N)md =0
Let 8 MON be such that So8' is convergent in X, if such &'
exists, otherwise 8 = idy. Now by X e UB [[fof'(N)]en A|=1,
g0 by the previous lemma there exists 8"€ MON such that
[Se8'eS8"(N)m 4| = 1. Then {F}u (X~ Sof08"(N)) is an open
nbd of {F} in X5 which avoids the subsequence So8'o8" of §—a
contradiction. Q.E.I.

The lagt lemma shows that in a US-spuce overy open elementary
filter determines its generafing countable set up to a finite subset,

TEROREM 1.3. — An UB-space is sequentially US-closed iff it iz
sequentially compact.

Proor. — The sufficieney is obvious, so we prove the necessity.
Assume that X is a US-space which is nof sequentially ecompact.
Then there exists asequence S in X with no convergent subsequences.
Denote by F the open elementary filter generated by A = SN}
in X. Then X is not sequentially elosed in its extension X4, =0
it guffices to show that XzeTUB this will prove that X is not
sequentially UB-closed.

Let & be a convergent sequence in Xg. Consider first the case
{F)elim 8. If 8 coincides definitely with the constant sequence
{F} then clearly 8" has no limit points in X since Xz is T,. Other-
wige 8'(N) N X gives a subsequence of § which by lemma 1.2 is
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eveniually in 4, so0 it has no convergent subsequences in Y. There-
fore & has no other limit point in Xg.

If {F}élim &', then & iz eventnally in X gince for every
welim 8 X iz an open nbd. Now X £ UB implies that 8" has a
nnigne limit peint. This proves that XgeUB QED.

Here follows the counterpart for SUS.

TaEOREM 1.4. — Let X be an SUB-space. Then X iz sequentially
BUB-elosed &ff X is countably compae.

Proor. — The sufficiency is obvious, 80 we prove the necessity.

It is enpugh to show that if X is not countably compact then X
8 not sequentially 8US-closed. Let A be a eountably infinite subzet
of X with no eluster points in X. Denote by F the elementary
open filter generated by A in X As in the above proof it suflices
to show that X e 8US.

Let 8 be a convergent sequence in Xg. If {F}é&lim 8 then §
15 definitely in X, go it has a onigoe clugter point in X ginee X € BUS.
Let us see that [F} is not a cluster point of 8 in X5, The argument
applied in the above proof gives X5 e US, thus no subzequence
of & converges to {F} In particular S(N) N A is finite. Sinee
X e 8U8 and 8 iz convergent in X, it follows that S(N) A is
finite too. Now U = I~ 8(N) is open and A~ U is finite, so Ue F.
Therefore {F} is not a eluster point of 8, s0 & hag a unique cluster
point in N,

Assume that {7} elim 8, then by lemma 1.2 it follows that the
sequence & is eventually in the sobset A of X. Binee 4 haz no
clugter points in X the proof iz finished. QED,

Now we give foor more examples,

Exayrrm 1.5, = (@) The sequentially T-closed spaces are finite.
In faet for every infinite 7' space X the filter F of eofinite subset
of X pives o 1) extension of X¢ with [X],= X5.

(») Let m =¥, be a cardinal number and let X, be the
space provided with the cofinite topology and having cardinality
ni. Denote by G, the eategory of topological spaces X such that
every continunous map f: X, — X is constant ([11]). In fact G
eoingides with those T, spaces which do not contain copies of X,
(Th. 2.7, [11]). The same argument as above shows that for each
cardinal m the sequentially € -closed spaces are precizsely the finite
T, spaoes.

{¢) Let m be as in (b) and 7, denote the category of topolo-
gical spaces in which every subspace of cardinality at most m iz
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Hansdorff. Il is easy to see that X e T, is T -closed iff for every
open filter ¥ on X there exists a subset M of X and |M|=m,
such that the filter F[, generated by the interseetions M N F,
where I'e F, has an sdherent point in X. Now it is clear that X
is-sequentiglly J-cloged iff for every open filler 5 on X which
is egontained in some ‘elementary open filter on X there oxists a
subset M of X with |[M|=wm suech that F|, has adherent points
in X,

{d) Let m be as in (), intersections of families of cardinality
at most m of open subsets of a fopological space will be called &,
sots. In particular the Gy sets are the well known &, sets. Denote
by iy, the category of topologieal spaces in which distinet points
ean be separated by disjoint G, sets (zee [6]). Obviously X e 9,
iz Dy-closed (sequentinlly Dy-clesed) ifl for every open filter F
{eontained in some clementary open filter on X) there exists a
point x in X such that for every lamily {F.},., of members of &
with |[4|=m and for every &, set U in X containing =
O {Fa:fie A}z 8.

2. — Abeolutely T-closed spaces for T — US and SUS.

The absolutely F-closed spaces in various eategories & are studied
in [8], hare we stress on the case § = US and BUS becaunse of ity
relation to sequentially T-closed spaces.

The next theorem follows directly from thecrem 1.4 and the
definition of absolutely SUS-cloged spaces (see the introduction).

TuroreEM 2.1, — For a space X & 8UB the following three condi-
tions are sguivalent:
it) X iz absolutely SUB-elosed;
by X is sequentially BUS-elosed;
e) X dis eountably compact.
For a subset M of a topological space X denote by M the set
of points we X such that there exists a sequence 8§ in X with

@welim & such that for every 8'e MON ze 8a8(N) N M. It was
proved by Tozzi [12] (and in 4 more general situation in [4]), that
if XeUSB and M c X, then M is an equalizer of two conlinnous
maps into s Ul-space il W — M.

LEMMA 2.2, — Fvery absolutely Ul-closed space is sequentially
Ui-closed, so sequentiolly compact.



SEQUENTIALLY CLOSKED AND ABSOLUTELY COLOBED SPACES B8

Proor. — If iz enough to remark that always [Mlsc M
holds. QED,

In the epposite direction thes following cgn be proved.

Prororrmion 2.5, — Every ecountable sequentially compact TR-
gpace is abzolutely US-clozed.

Proor. — Let X = {&,, £, ..y @4, ...} D6 4 sequentially compact
UBespace,  Assume that X s not abselutely US-elosed. Then
there exists a UB-space ¥ confaining X as o gubspace such that
X+=X. Let y be a point in X~ X, then there exists a scquence S
in ¥ converging to y such that y £ 828 (M) 0 X for every &' MON.
By YeUB oy ¢lim &, so there cxizt n nbd U, of x and &, e MON
such that oSN} v, =8 Agnin by Ye U o ¢lim 8o8,, so
there exiat o nbd U, of &, snd 8, & MON sach that Sofe8.(H) A
A, =8 We find induetively open sets Uy, U, ..., Uy, ... and
8, e MON such that &, U, and Safofo of (Njul, =§# for
every # =1,2,... Defing 8 by 8(n) = Fofiefio...of (1), then
for every m=1,23,...., 8 (M) n U, i finite. Bince ¥ is 7, this
proves that S(N)nX = 8(N)nX. Assume that this inter-
geetion is infinite, then by -the sequential compaciness of X &'
hag o convergent subsequence in X which contradicls ¥eUR.

The above arpument supplied o subsequence 8 of & such that
i"-;""{-,‘ﬁ}ul is finite, this coutradicts the initial property of 8.
Therefore X is sbsolutely TB-cloged, QEID,

The next proposition shows that the converse in lemma 2.2
iz not true in general.

ProposrmionN 24, — A space X BUB is not absolutely US-closed
whenever the following fwo conditions are satisfied:

(i) |X]= 2%,
i) every point of X has a nbd U with |T| < 2%,

Proor. — By d{¥) we denote the density of a topological space ¥,
It 8 well known that d{fIN~IN) = 2%, {his iz why there exists
o (dizcontinnous) map f: XN, such that fX) iz denso
in fNSN. Now define a gpace ¥= {y} W N X with the following
topology. The nbds of y are of the form {y} v DU U, where D
iz a cofinite subset of W and TV is a subset of X whose complement
i8 contained in a finite union of ranges of convergent sequences
in X; the points of N are isolated and the bagic #bds of the points @
of X are of the form U U ¥V, where U is an open subset of X con-
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taining & and V is a-subset of B sueh that Vefly) for every yelU
(the points of NI will be identified with oltrafilters in M),
Clearly for every Dc M and o€ X, weD in ¥ iff f(x)c DN,

We are going to gshow that ¥YeUS and y e X in ¥ which will
prove that X is not absolutely US-cloged.

Denote by S, the sequence in X defined by the identity of M.
To ecstablish YeUS it iz enough to show fhat no subsequence §
of &, converges to points 2 of X, In faet by ii) there exigts an open
nbd U of zin X with |T] < 2%, Let Z = S(N)"™\ N, since d(Z) = 2%,
it follows that f{I7) m& iz not dense in Z. Henee there exists a
non-empty open set W in & with W nf{{) = #. We can assume
wlog that W— §(N)™~ N, for some subsequence 8" of 8. For
every yell there exigts a subeet V, of N such that V, e f{y) and
V.Ad(M)=p. Then V= {V,:ye U} iz a subret of N guch that
UV ig o nbd of # in ¥ which aveids the subsequence 8 of 8.
Therelore 8 does not converge fo @

Let us prove finally that y€X in ¥. Obviously y = lim . S,.
Let 8 be a subsequence of S,, then Z = S(N)™\ N is homeo-
morphie to fE>MN, so d{Z) = 2%. On the other hand Z is open
in fNSM, so Z M f(X) is dense in Z, henee [ nflX)| = 2%, As
we remarked sbove f(z) e Z implies # e S(N), so [§(N) N X| = 2%,
Therefore o e 8N} X which proves ye X. Q.ED.

Exawrere 2.5, — There exizgt sequentially compact SUS-spaces
which are not absolutely TUB-closed. By virtue of the above
proposition it is enough to find sequentially compact BUB-spaces
antigfying i) and ii). Such a spacs is for example the space of all
ordinals less than the initial ordinal of eardinality 2% provided
with the order topology. Since finite produncts of sequentially
compact BUS-spaces satisfying i) and ii) have again the same
propertics we obtain immediately infinitely many snch examples,

The following conjecture seems rather plausible.

CoNIECTURE., — Feery soquentiolly compact US-space of cardi-
nality less than 2% ix absolutely US-closed.

By 2.2 and 2.3 the class of absolutely UB-closed spaces is con-
tained in the class of all sequentially compact US-spaces and con-
taing the elass of all countable sequentially compact TUS-gpaces.
We do not know if it is completely determined by the cardinality
of the underlying space (in the spirit of the above conjecturs).
However the following can be proved,

TuroruMm 2.6. — Let X be absolutely US-elosed and let f: X — T
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be a continuous map onto a UB-space ¥. Then Y iy absolutely
UB-closed.

ProoF. — Assume that ¥ is not absolutely US-closed. Then ¥
can be embedded into a space ¥Y'eUB puch that there exists
ye¥ in ¥ and y¢¥. By lemma 2.2 X and consequently ¥ are
segquentially eompaect. Let 8 be asequencein Y such that y = lim 8
and y & S8ef' (M) MY for every 8'eMON. Clearly & is eventually
in ¥ Y becange of ¥ eUB and the gequential compaciness
of ¥. We can agsume wlog that & is a one-to-one sequence in ¥ ¥.

By meang of 1his sequence we construct a US-space £ containing
X as a subspace. Bet £ = {z} U NV X and extend f to Z defining
fz) = o and fin) = Sin} for every neM. Deline a topology on X
in the following way: the peints of N are isolated; a basic nbd of
a point e X has the form U F where U is an open nbd of =
in X and F = {nel: 8(n)c W} where W is an open nbd of flz)
in Y' such that f{U)}cW; finally the nbds of 2 are the proimages
FUW) of nbds W of yin ¥'. Denote by &, the sequence in Z defined
by the identity of IN. The extension & of X has the following
propertics:

i) a sequenee 8 in X converges to z in 2 iff fo8' converges
to g in ¥';
i) 4 subsequence 8" of 8, converges to @ point we X iff
fel" converges to flz} in ¥';
ifi) for a subset D of N and xe X, we D in Z iff f(z) € (D)
in ¥':
iv) for a subset P of X ge D in Z iff ye f(D) in Y.
Wow i), i) and ¥Y'e US yield Z e UB. LTt 8 be a subsequence

Y, it follows that yefe8'(MN)NY in ¥'. By iv) this gives
ze 8 (N) N X. Therefore zeX in Z. This contradicts the fact
that X Iz abgolutely US-clozed. QE.D.

Finally we show that the elagsicall notion of F-closedness is
too restrictive for § = Ub and 8US.

TarorREM 2.7, — Feery UB-closed space is finile,

ProOE, = By 1.3 every US-closed space i sequentiplly compact,
Let now X be an infinite sequentially compact US-space, we are
going o show that X is not TUS-closed.

Let 8, be a one-to-one convergent sequence in X and Ist
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w=lim &,. Tel @ be a non-fixed ullrafilter on S(N). We denote
by ¢ also the ulfrafilfer generated by ¢ in X

Denote by F the filter on X generated by the open sets belonging
to . Clearly the ndd filter A, of o Is contained in F, on the other
hand X5 {ate F, 50 N{V: TeF}=p.

For every sequence 8 in Xg which is not eventuslly the con-
stant sequence [F) and {F}elim &, xelim So8 holds for every
8'e MON such that the sequence Sof’ is definitely in Y.

Let 8 be a eonvergent sequence in Xg. If {F}¢lim &, then
clearly & has & unique limit point in X4 sinee Xe US and X iz
open in X, so & is eventually in X,

Buppose that {F}elim 8. If § has no subsequence in X, then
clearly 8 has g unigne limit peint. Assume that 8 has o indinite
subsequence in X. Tn such a eage wo can agsume wlog that & i
entirely in X. It was remarked alveady that in such a case x elim 8.
We consider now two cases: 1¢ S) M S (N)-finite; 20 8 and &,
have a common Subsequences. In the eage 10 for A = 8(N)
observe that [B(N)]), M 4 is finite sines ¥ conyerges to o in X and
X € US. By lemma 1.2 there exists &'c MON such that S 8(N) N A
is finite, Then U = XSl (N)e F and {F}1U U is a nbd of {F}
in X which avoids the subrequence Saf’ of 8. This eontradicts
{F}elim 8.

In the case 20 we can assume wleg that 8 is 4 subsequence
of 8. Since ¢ is an ultrafilter there exizt Weg with W« and
§'e MON guch that Sof' iz ont of W. Az noted above So8" con-
verges to &, this is why X e UB yields [Sof8'(N)].n W =8 By
lemma 1.2 there exists 8% MON such that So8 o8 (N)n W= .
Then 7= X Sof8'08"(M) iz open in X and U2 W, henee e
and eonsequently Ue . Therefore {F1U U iz an open nbd of
{5} in X5 which avoids Sof'o8", so 8 does not converge to {F)
—a, contradiction. GQ.E.D.

TuroreM 2.5. — The BUS-closed spaces are precisely the BUS-
spaces which are finite unions of convergent gequences. In particular
every SUB-elosed space is compast.

Proor, — The sufficiency is obvions.

Let XX be an infinite BUS-cloged spaces, Wo are going fo show
that every non-iselated point @ of X has a wbd consisting of the
range of a eonvergent one-to-one sequence in X (it will converge
to @ necessarily). Assume the contrary, then for every open nbd U
of @ and for every sequence & in X converging to = the seh

(3) Us= UN(SIN) U far}) 52 0
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i open in X, since 8(N) W [z} is closed because of X € 8US. Denote
by F the open filter generated by the sets (3). Clearly every sequence
& in Xg for which {F} is a cluster point has also & as a cluster
point. By the choice of F it follows that no convergent sequence
in Xg ean have {F} as a cluster point. Therefore Xz e BUB which
contradicts the fact that X iz 8US-cloged since X is denge in Xg.

Tt was proved in this wiy that for every @ e X there exisls
a sequence § in X converging to @, such that 8(N) iz a nbd of a.
In particular X is a sequential space,

Agsume now that X is not a finite union of convergent sequences,
Consider the open Alter & on X generated by the eomplements
of all possible unions

(4) L"_Jl{sru} W BN

where S, iz a sequence in X converging x,. By the assumption
the complements of the seta (4) are non-empby. On the other hand
by Lemma 3.7.1 in [11] X € SUS. This iz a contradiction gince X
iy BUR-cloged. GQ.E.D.
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