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Hean [0 ep. CymeporpecTBocTaLE BPOCTPARCTEA N PACIINPEHEN TOROIOTNIECKET NPOCTPANCTS,
B 310f pafoTe BBOAHTCA MOHATHE CYMEPOKPECTHOCTHOND MPOCTPARCTEE H OpH NOMOUM 3TOTO NOHSTHR
OMHCBIBANOTCA  NIBA  KNACCA  PACIUHDECHHA TOMOMNOIWYECKMX MPOCTPAHCTE — KNace GHEOMIAKTHO
onpeaeneHtbix M RABCC COKBEHUMANLHO ONPENCEHHIX TOMHLIX XaycoopoBaIX PACIUHPEHHE ABHHOMD
TONONOTHYECKOrD MpOCTRAHCTEA.

Ivan Gotchev. Saperneighbourhood spaces and extensions of topological spaces. The notion
of supemeighbourhood space is introduced, It 1s applied in the study of the extensions of topological
spaces. The compactly determined and sequentially determined strict Hausdorff extensions of a given
topological space are described in terms of special supemneighbourhood structures.

1. INTRODUCTION

D. Doitchinov |1] introduced the notion of supertopological space comprising
as special cases the notions of topological, proximity and uniform spaces.

A supertopology on a set X is a pair (M,d), where M is a subset of the power
set P(X) and @ : M— F(X) is a map from the set M to the set F(X) of the filters
on X, such that:

(a) M contains J(X) =12 |U|x,.xeX| and & 2| = P(X);

b) If Ae M and Ue &A), then A c U,

E-:} If A e Mand U e #A), then there exists a Ved(A), such that U € &B)
for each Be M, Bec V.

A set X, equiped with a supertopology, is called supertopological space.

Obviously, in the case M =J(X) the notion of supertopological space
coincides with the notion of topological space. Thus every supertopological spaci is
a topological space.

An extension (¥,9) of a topological space X, where Y is a topological space
and ¢ : X — Y is a dense embedding, is called compactly determined extension of

X. if for any y € Y there exists a set AcX such that y € ¢(A) and @(A) is compact,
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Ioas obvious that all locally compact extensions and all first countable
exiensions of a spucc X are compactly determined extensions of X,

D. Doitchinov |2] used superiopologics for the construction of compoctly
determined extensions of a given Hausdorff topological space X. In the case of
rcgular space X, he described in terms of supertopologics on X all regular
cempactly determined extensions of X

A, Tozzi and O. Wyler [3] changed slightly the definition of supertopological
space and showed that the category of these spaces is a topological category in the
sense of [4].

In this paper we introduce the notion of a superneighbourhood structure and
following the techniques and methods in [2] we obtain in Section 3 a description of
all strict Hausdorfi compactly determined extensions of a given Hausdorfl
topological space X. An extension (Y,p) of a topological space X is strict if for
every ve ¥ gp(X) and for every open set U with yel/ there is an open sei V, such
Luar ve VO LU, which contains every open set W in ¥ with VNglX) = WineX).
{For other equivalent definition see [5]). Since every regular extension is sirict, we
obtain in this way an extension of the results of D. Doitchinov. The role of the
new notion of superneighbourhood structures becomes decisive in the case of non-
regular extensions, which cannot be described by supertopologies as in [2].

In Section 2 we give all necessary definitions and some properties of the
category of superneighbourhood spaces in the spirit of [3].

An extension (¥,q) of a topological space X is called sequentially determined
extension of X if for every y € ¥ there is a sequence [x;/5=; in X such thm
im g{x) = v. Clearly. every Hausdorfl sequentially determincd exiension of a
Joomi
Hausdorff topological space X is a compactly determined extension of X.

In Section 4 we show that there is a bijection between a class of special
superneighbourhood structures (supertopologies) on a given Hausdorff (regular)
space X and all strict Hausdorff (regular) sequentially determined extensions of X.
In fact, the construction given in this section can be slightly modified to give all
Hausdorff sequentially determined extensions of a given space X' This is in contrast
with [2], where all Hausdorfl extensions, defined by means of supertopologies, are
strict.

In this paper we will not discuss the question if a given space X has a non-
trivial sequentially (compactly) determined extension. Spaces, which have no
proper sequentially (compactly) determined extensions within a certain class P of
topological spaces, are studied in [6], [7] and [8]. This provides a new approach 1o
the classical notion of P-closed spaces (see [Y9] and [10]).

The author thanks Prof. D. Doitchinov and Dr. D. Dikrunjan for their
viluahle suggestions and encouragement.

1. SUPERNEIGHBOURHOOD SPACES

2. 1. Definitions. A neighbourhood structure on a set X is a pair (M,8),
where M is a subsct of the power set P{X) and & : M — F(X) is a map from M 1o
the set FIX) of all filters on X, such that:

(1) M contains J(X) = ;@ | U x| xeX| and o) =PX);
(N if AeM and A" C A, then A’ € M,

(3) If AeM and U e ${A). then ACU;

(4) If AeM, Ued(A) and A'CA, then Ued(A’).
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We define a superneighbourhood structure (briefly—SN-structure) on a set
Y as a neighbourhood structure (M,#) on X which satisfies the following condition:

{5) If A,BeM and UeiA), then there is a set VedA) such that Ued(VNB).

_ A supertopology on a set X is a neighbourhood structure (M.#) on X, which
satisfies the following condition:

(6) f AeM and UedA), then there is a set Ved{A) such that always Ued(B) if
BeM and BcV. )

It is easily seen that (4) is a consequence of (3) and (5), and (5) is a
consequence of (3) and (6). This means that every supertopology on X is a
SN-structure on X. If (M, #) is a SN-structure (necighbourhood structure) on X
then the triple (X, M, @), or briefly X, is called a superneighbourhood space
(neighbourhood space).

If (M, # is an SN-structure on a set X and if ACX, then the induced
SN-structure (M,, &#,) on A is defined by

{?} HA-{BCAI BEH}!
(8) #,(B) = {UNA|Ue &B)) for B € My,

A neighbourhood structure (M, @) on X is called additive if it satisfies the
following condition:

(9) For sets A and B such that A U B € M and for sets U/ € {A) and V & #{B)

we have always UU Ve A U B). ,

A continwous map f:X — ¥ of neighbourhood spaces X and ¥ with
neighbourhood structures (M, #) and (M, #') respectively, is a map which satisfies
the conditions:

(10) If A e M, then fid) e M',

(11) If Ae M and V e #(f(A)), then f'(V) e HA).

Let NBD be the category of neighbourhood spaces and their continuous maps,
SN be the full subcat of NBD with SN-spaces as objects, and let STOP be the
full subcategory of SN with supertopological spaces as objects. Denote by ASTOP,
ASN and ANBD respectively the categories of additive supertopological spaces, of
additive SN-spaces and of additive neighbourhood spaces with their continuous maps,

The following result is proved in [3].

2.2. Theorem. a) NBD is a topological category over sets and STOP is a
topological subcategory of NBD;

b) The full embeddings ASTOP — STOP and ANBD — NBD are co-

gical, preserving colimits and final sinks.

The following theorem can be proved in the same way.

23. Theorem. a) SN is a 10p0£)gical subcategory of NBD and STOP is a
topological subcategory of SN.

b) The full embedding ASN — SN is cotopological, preserving colimits and
final sinks.

2.4, b-SN-structures. A neighbourhood structure (M, &) on a set X is
called separated, provided the following condition is satisfied:

3 Moy, Cofh, vees, Tan war. ® sex, 7. 6, sm, | — Marcusres 33



(12) If A.B e M and there exists an U e HA) with UM B = @ then there exist
VedA) and We HB) with VN W=,

If X is a topological space and (M, #) is a neighbourhood structure on X, then
we say that (M, &) is compatible with the topology on X if for every A & M, #A)
is a filter on X with an open base and for every x € X, Hx) 15 the filter of
neighbourhoods of x on the topological space X,

Let X be a topological space and (M, @) be a compatible SN-structure on X.
We say that (M, &) is o b-SN-structure on X if it is additive and separated. The
h-supertopologies coincide with those, introduced in [2].

In this paper every SN-structure on a given topolugical space X will be
compatible with the topology on X.

3. COMPACTLY DETERMINED EXTENSIONS

D. Doitchinov [2] showed that every b-supertopology on a piven Hausdorff
topological space X penerates in a standard manner a Hausdorff compactly
determined extension of X. Now we will show that this construction is also good
for a SN- structure on X. The proofs, identical with proofs in [2], will be omitted.

3.1. Definition. Let (M, #) be a compatible b-SN-structure on a Hausdorff
topological space X. A non-empty collection A of non-emply subsets of X,
belonging to M, has the finite dintersection property if from 4, e A,

k

UedA) i= 1, ...,k (k-arbitrary natural number) it follows [] U % @,

It is easily seen that any collection, having the finite intersection property, is
contained in a maximal one.

Denote by X* the set of all maximal collections in X, having the finite
t-intersection property with respect to the h-SN-structure (M, &), The elements of
X* will be denoted by E, m, L eic,

3.2. Lemma, Let Ee X* and A € E. Then the following conditions hold:
ja) If Be M and AC B, then B ek;
(b) If BCA, then Bek or ANBEeE;
(¢} If Bek, and Ve B}, then A B v

€

@ und ANVeE
3.3 Lemma. If Ee X*, A/ ek, A i = .k

-+
A, 1555 then there is

]
B ek such that ﬂ. U, e HB).

Proaof, Let A; e £ and A; e E, U; € {A,) and L, € ${A;). Then by (5] there
is a set W e &#A,) such that U, e #(W N A;). But by Lemma 3.2.(¢)
H=WnNA,eE and hence U, € #{B) and U, e H{B). Thus U, N U; e &(B).

34, Lemma. If EeX* AeM A+@ and il A ¢E, then there are
Ue dA). Bek, Ve dB) such that NV =@

Lemma 3.3. shows that

(13) F(g) = (U] U e #A). A€k}

is a filter on X and Lemma 3.4 shows that if £ # v then there is U e F(E) and
V e F(n) such that UV =@
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. Now we will introduce a topology on X*. For any set G C X* define
G={EeX*|if Aeck and Ue HA), then there exist e G and B e 1 with
U e #(B)). 3

The operator G — G is a Kuratowski closure operator. The space X* will
always be endowed with the topology induced by this closure operator, (For a
proof in the case of a b-supertopological space X, see [2]).

For any open subset U of the space X let

(14) 2, = {E e X*|U/ e HA) for some A e E}.

The next four lemmas can be proved as in [2].

" ld;'-.i. Lemma.a) For any two open subsets I/ and V of X, Sy N Ly = Qyny
QHas;
b} The collection {§, | U is open in X} is a base for the topology on X™.
3.6. Lemma. If E, ne X"and E # v, then there exist A € £, B e,
UedA), Ve dB) with UNn V= In particular X™ is a Hausdorff space.
3.7. Lemma. For any x € X the collection

(15) alx) = {A e M| x e U for every U e #A))

is an element of the space X*

The equality (15) defines a mapping a: X —+ X",

3.8. Lemma. (X* «) is an extension of the topological space X.

39. Definition. The extension (X* a) of the;pwe X will be called
standardly generated by the b-SN-structure (M, &) on X, and the mapping a-
standard embedding of X into X™.

The above defined extension can be described also by means of open filters as

follows: for every E € X* let X" = (F(E) | E € X*}, where F(E) is defined in (13).
By Lemma 3.7, F(x) € X" for every x € X. Now we imtroduce in X" the strict

topology. For an open base in X' we will take all 6y = (F(E) | U e F(E)}, U is
open in X. One can easily see that X* and X" are homeomorphic extensions of X.

In the following three lemmas we prove that (X*, a) is a compactly
determined extension of X.

3.10. Lemma. Let Ee X* and A e M, A + @ Then A € § if and only if

e alAd).
: oof. Let A € E. We take B e E and U e &B). By (5) there is W € &(B)
such that U e {A N W). But A+ 2 and by Lemma 3.2. (c) A'=ANW=*pg
and A' k. Let x € A", Then a(x) € al4) and A’ € a(x). Now U e #A') yields
E € af{A). For the inverse implication see [2].

3.11. Lemma. Let A € M, A + @ and let (M,, #,) be the b-SN-structure
induced on A by (M, #). If (A*, a,) is the standardly generated by (M, @,)
extension of the topological space A, then (A*, a,) and (a{A), @/A) are equivalent
extensions of A. .

Proof. Let My = P{A) and #4(8) = (UN A | U e &B))} for Be M. It is
obvious that (M,, #4) is a b-SN-structure. Let E € A* Then E has the finite &
intersection property in X. Then E C n for some n € X*. Clearly A €. Let us
assume that E C 1, and E C n, for some ny + n; and ny, n; € X*. Then by Lemma
3.6. there exist C; € my, Uy € HCy), Co & mp, U € WCy) such that Uy N Uy = @,
By (5) there is V; € #C;) such that U; e /V; N A) and by Lemma 3.2.(c)
ViNnA<+@and V, N A e n,. We shall see that A N V, € E. But by Lemma 3.4,
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i sulfices o show that if Cel U e dy(C) and W e dyV, N A), then
"N £0 We have U'=UNA W=Wn4 UedC) and
W= =8V, M A From Cen Vi N A ewn and by Lemma 3.3, if follows that
L' W e HD) for some D ey and by Lemma 3.2.(c) (/. N W) N A # @ Then
UAW+0 and therefore ViNAei But U, e®V,NA) and then
Uy e d,(V, N A). Anadogously one can verify that there exists V; e M)
such that V.NA el and UsN A e dy(VyN A). This implies o % {thn4an
(L-NAYCU,NU.=0 — contradiction. Thus n, = n, and it is shown that for any
2 e A" there exists only one point 1 € X* with EC v. Let us note also that
ne wlA) beceuse A €.

Let us define a map & : A* — a{A) by means of the conditions £ C ME). We
shall show that & is a homeomorfism. The mapping A is one-to-one. Indeed, assume
that £, 5 e A* & + & and ME)) = ME3), i. e. E; ©n, &3 C v for some n € 1™,
By Lemma 3.6. there exist B; € E;, B) e E; and U, € & 8)) U; e HB;) such that
(L, nAYN(U;N A) =@ But B, B; € nthen Uy, N U; € H{C) for some C € 0,
hence (U, N U;) N A #+ o. This is in contradiction with §; + E;. So A is one- to-
ane.

Now we prove the continuity of A. Let Q) = {E € A* | U € #,(B) for some
B € E} for every open set U C A. Now assume that E € A*, n = ME) and n € 2,
where U/ is an open subset of X. There exists B en such that U e #(B) satisfying
UedVaA) Let We dB) be such that V e {W N A). As shown above,
WNAEeE then VN Aed,(WnNA). Hence £ e @}, For every £’ € Q%
there is C such that ¥V N A € @,(C), then CC V N A. Now U e &V N A) yields
Ue HC). On the other hand E' C ME'), hence C e ME'), ME') € &y Thus
MQ%Yny) C 2y So the mapping A is continuous and as the space A® is compact,
then L is a homeomorphism. __

It is easily seen that A{A*) = a(A) and that } . @, = a/A. This completes the
proff. e

312, Corollary. For any A € M the set a(4) is compact,

Proof. Consider A with the induced b-SN-structure (M4, #.). Since A € M, il
can be proved in the same way as in [2] that A* is compact,

Now the above lemma applies:

3.13. Corollary. Any b-SN-structure on a given Hausdorff space X
generates (in a standard manner) a sirict Hausdorff compactly determined
extension (X*, a) of X.

Let X be a Hausdorff space. Then the trivial extension (X, idy) of X is
compactly determined. The only Hausdorff extension of a compact space is the
trivial one. This is why the next corollary follows from Corollary 3.12 and
Corollary 3.13.

3.14. Corollary. If (M, #) is a b-SN-structure on X, then (X*, a) is the
trivial extension of X if and only if for every 4 € M, A is a compact subset of X.

3.15. Lemma. Let X be a Hausdorff topological space, A, B and U/ be
subsets of X such that A and B are compact and U is an open set in X. If
AN B+ oand A C U, then there exists an open set Vin X such that A C V and
Anvclu

Proof. If B C U, then V = U. Let B>\ U #+ cand V and W are open sets such
that BN\UCW. ACVand VN W=0.Hence VN BC VN B = B\ WX V) C
A~ W C BB~ U1 C U. and this completes the proof.

It fullows by the prer="  lemma that in every Hausdorff topological space a
compatible h-§N.- < e defined in the following way.
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3.16. Definition. Let X be a Hausdorfi topological space and
L16) M=[A|ACX A is compact),
(17) HA) = {(U|UC X and A C IntU} for every A e M.

The b-SN-structure (M, &) on X is called standard b-SN-structure on the space X.

There is an example of a Hausdorfi space X in which the standard b-SN-
‘structure is not a b-supertopology.

3.17. Lemma. Let (¥, g) be a Hausdorff compactly determimed extension of
X and y € Y. For every open set IJ C Y such that y e U, there exists A C X rich
that y € g{A) C U/ and o({A) is compact in Y.

Proof. Let vy e U.C ¥ and U be an open set in ¥, There is B C X such that
ve g B) and g(B) is a compact subset of V. If @(B) C U, toen A= B, I

w(8) &« U. then q{B)~ U is a compact set and there exists an open set V such
that v € V and V N (@(B)~U) = @, or equivalently V N @(B) N _U. Now
A= q ' (BN V)is the requird subset of X, since g(4) N V N g(B) C L.

3.18. Definition. Let (¥,qg) be a Hausdorff compactly determined
extension of the space X, then the b-SN-structure induced on X by the standard b-
"SN-structure of Y is called b-SN-structure on X, determined by (¥, ) (here we
identify X with @(X)).

3.19. Proposition. Let (¥, g) be a strict Hausdorff compactly determined
extension of a given Hausdorff topological space X. Then the b-SN-structure
(M*, &) on X determined by (Y, @) generates (¥, g).

Proof. By definitions 3.16. and 3.18,.

(18) M*={A C X|g(A) is compact)
(19) #(A) = {UC X | U =g (U*), U* C Y, g(d) C Intl} for every A € M*.

We can assume that X C Y and ¢ is the identical embedding. Then
M* = (A CX|A is compact) and #*A) = (UCX|U=U'NX U*CY,
A C Inil*}, where A denotes the closure in V.

One can easily prove, by means of Lemma 3.15, that (M*, &) is a compatible
f-SN-structure on-X. We will show that the extension (¥, g) is equivalent to the

standardly generated extension of X by (M®*, &%)
For every ye ¥ let

(20) My) = {A e M* |y e A).

It is obvious that A(v) is a non-empty collection of sets with the finite @*-
intersection property in X, Therefore AMy) C n for some n C X*. We shall see that
My) = n. Indeed, suppose that there exists B C X such that B € i) and B ¢A(y).

Since v ¢ B and B is compact in ¥, there exist open sets U* and V* in Y such that

vel", BCV and " NV* =@, Let Aehly). Then ye AN UC AN U,
Hence A M U* € Aly) and A N U* € n. On the other hand V* N X e #*(B), and
by Lemma J2.(c)@+ (AN U NV NnX)cU* NV =@ — contradiction.
Therefore Aiy) = 7.
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The equality (20) defines a mapping A : ¥ — X*. In view of (18) we have
Mx) = o(x) for any re X. Now we will show that the mapping A is a
homeomorphism. Let y, # y,, then there exist disjoint open sets U, and U; such
that y,el;, y;ells. since ¥ is a Hausdorff space. By Lemma 3.17. and by the fact
that (¥, @) is a compactly determined extension of X it follows that there exist

ACX and B C X such that y, € A C U|._'P2EEC U, and A, Emmmpam,

Hence vy, ¢ B and y; ¢ A. Thus Aly,) # My,) and X is one-to-one.

To establish the continuity of ) we take a point y, € ¥ and consider an open
set U in X such that A(y) € 2y Then U e #*(A) for some A € A{yy). This
means that U/ = " N X for some open U™ in ¥ and yye A C U*. Now let
y e U IBy Lemma 3.17. there exists & C X such that ye BC U* and B is
compact in V. Thee I/ € #*(8), hence A(y) € Q. Thus MU*) C Qy, which proves
the comtinuity of A.

We show next, that A is onto. Indeed, let yve X*. If A ey then
n € a(4) = MA). By the compactness of AA), AMA) C MA) T MA) = MA),
hence AMA) = MA), consequently n e M{A). If follows that X* = L(Y).

So we proved the following result:

320 Proposition. Let (¥, g) be a Hausdorff compactly determined
extension of a given Hausdorff space X and (M*, &*) be the b-SN-structure on X
determined by (Y, ). If (X, o) is the standardly generated by (M*,0*) compactly
determined extension of X, then there is a bijective continoous mapping
A:¥Y— X* such that Mg(X)) = a(X).

To complete the proof of Proposition 3.19. we shall see that 17" : X* — ¥V is
continuous. Let i & X* and ny = A(w,) for some y, € ¥ and let U'* be an open
neighbourhood of y; in Y. Since (Y, ) is a strict extension of X, there exists an
open set V* C Y* which contains every open set W* in Y satisfying

W* M X =V"N Xandy, € V* C W* holds. Now let A € 1o Then y, € A and by

Lemma 3.17 there exists B C A such that y, € B C V* and B is co . Hence
B & 1. On the other hand B € M* and if V = V* N X then V e #*(B). Therefore
Ty & Ly

Now we shall show that @y C LU?). Indeed, let j € Qy and 7 € A(y) for some
y € Y. There exists a set C € n such that V € #*(C). This means that there is an

open set W* in ¥ such that V = W* N X and y € C C W*, By the choice of V* we
obtain that W* C V* C U* Therefore y € U*. Hence £y C A(U*) and the mapping
37! is continuous. This completes the proof.

In general, various b-SN-structures on a Hausdorff space X may generate the
same extension (¥, g). Among them the b-SN-structure on X, determined by
(Y, @), plays a special role.

3.21. Proposition. Let X be a Hausdorff topological space, (Y, q) be a
given strict Hausdorff compactly determined extension of X and (M*, #*), be the
b-SN-structure on X determined by (Y, g). If (M", '} is another b-SN-structure on
X generating the extension (¥, @), then M’ C M* and #'(A) = #*'(A) for each
Ae M.

Proaf. The extensions of X, standardly generated by (M*, #*) and (M', &),
will be denoted by (X*, a) and (X", a'), respectively. But (Y, @) and (X*, a) are
equivalent extensions of X and then

(21) M* = {A C X | a{A) is compact),
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(22) #*(A) = (UC X | U = a”'(U*), U* C X*, a(A) C Int U*) for any A € M*,

On the other hand (X, a) and (X", a') are equivalent extensions of X. Then
there exists a homeomorphism A : X' — X" with A(X") = X* and ko' = o, One
can easily see that if A e M' then

(23) a(A) = Ma'(A)),

and hence M' C M* and #(A) C #*(A). We shall prove that *(4) C #(A4). Let
ACM and U C #(A). Then I/ = a (U*), where U is an open set in X* and
ald) C-U*. Let U=3""(U%). By (23) we have o'(4) =k Yald))
C L (L") = U'. For every n € a’(A) there exists an open set W' in X such that
ne 2y C L. Hence W' e & 8) for some B € 1. By Lemma 3.10 A & n and by
Lemma 3.2.(c) and by (5) there exists W e d(B) such that W' e H{W" M A)
and W* M A + @. By the compactness of a'(A) there exist finitely many open sets
&

Wi. ... . W, and Wj, Wi ..., W, in X soch that o'(4) C | S

=1

& L]
Q'w C U and Wie WIN A). i=12...k ThenAC Ua ' @w)=UW

i=1 iw]

(]

and consequently A = L (A 0 W) FromW; C (A N Wfori=1,2,....4

=]
L]
and from the additivity of the SN-structure (M", 8') it follows that | W/ e #A).

=]

& 4 4
But U wi= e 2%) = a (U Qw)Ce’ ()= a'(MU) = a (U*)

= . Hence |J W, C U, and therefore U & #'(A). This means that #+(4) C#'(4).

p=

and this completes the proof.

Corollary 3.14, and Propositions 3.19., 3.20. and 3.21. yicld the following result

3.22. Theorem. Any b-SN-structure on a given Hausdorff space X
pencrates (in @ standard manner) a strict Hausdorff compactly determined
extension of X. On the other hand, every strict Hausdorff compactly determined
extension of X is generatca by some h-SN-structure on X. Among the b-SN-
structures on X, pencrating a given strict Hausdorfl compactly determined
cxtension (Y.q) of X, there exists one (M*.8%) with the following property: if the
h-SN-structure (M.#) on X generates (¥.q), then McM* and HA) = #°(A) for
vach A & M.

This theorem generalizes Theorem 1 from [2].

Let (M.#) be a b-SN-structure on a given Hausdorff space X. We say that
(M. is a maximal h-SN-structure on X if the following condition is satisfied:
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{(24) If AcX and for every filter F on A there exists E € X* such that FUF(E) is a
filter base on X then AeM.

~ Let us note that in (24) FUF(E) is a filier if and only if £ is a cluster point of
Fin X", This is why the b-SM-structure of a Hausdorff space X determined by any
compactly determined Hausdorff extension (¥,q@) of X is maximal,

3.23.Proposition. Let X be a Hausdorff space, (M,#) be a maximal b-
SN-structure on X and let { X, a)be the standardly determined extension of X. Then
(M, # coincides with the b-SN-structure on X determined by (X* a).

Froaf. By Proposition 3.21. if follows that MCM* and #A) = #*(A4) for every
AeM. We shall prove that M*CM. Let AeM®* and let F be a filter on A. Then
w(F) = {p(F)|FeF) is a filter on q(A). Let y be a cluster point of @(F) in ¥ and
E={BCX|yew(B). BeM}. Then FUF(E) is a filier on X and hence AeM. This
completes the proof.

From Theorem 3.22. and Proposition 3.23. follows:

3.24. Theorem. There is bijective mapping from the set of all maximal b-
SN-structures on a given Hausdorff topological space X to the set of all strict
Hausdorfl compactly determined extensions of X

In particular the standard b-SN-structure on a given Havsdorff space X is
maximal, it corresponds to the trivial extension of X,

Let us observe here that it is not too restrictive te consider only strict
compactly determined extensions. In fact if (¥Y.p) is any compactly determined
Hausdorff extension of X, then for each compact set K in Y the extension
g KNX—=X is strict.

Mow. let X be a regular space. One can casily see that the standard b-SN-
structure on X is a b-supertopology on X, Hence if (Y.q) is a regular compactly
determined extension of a given space X and (M*, &) is the b-SN-structure on X
determined by (Y, ) then (M*, ) is a b-supertopology on X. It follows by
Proposition 3.21 that if (¥.g) is generated by some b-SN-structure (M,i#) on X,
then (M,#) will be a b-supertopology.

The following definition is given in [2]. N

A supertopology (M,#) on a set X is called strictly separated if it satisfies the
condition:

(25) For any AeM and any Uei#{A) there exists a Ved{A) such that from BeM
and BNU=o it follows Wni=o for some WelB).

Clearly. any stnictly separated supertopology is scparated. ) )

The following result, proved in rl::l shows the relevance of this notion,

3,25, Proposition. Let X be a regular space and let (M,d) be a b-
supertopology on X. The compactly determined extension of X, generated by
(M,#, is regular if and only if the supertopology (M,#) is strictly sepurated,

From Proposition 3.25 and Theorem 3.24 follows: !

3.26.Theorem. There is a bijective mapping from the set of all strictly
separated maximal b-supertopologies on a given regular space X 1o the sct of all
regular compactly determined extensions of X

4, SEQUENTIALLY DETERMINED EXTENSIONS

1. 1.Definition. Let X be a Hausdorff topological space and (M,8) be a b-
SN-structure on X, We shall say that (M) is an s-SN-structure on X i the
following conditions are satisfied:

(26) 16 AeM, then A is a countable sew .
{27} If AcM. BCA and 8 is infinite. then for every Ued{ H) the set A= U is finite.
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4.2 Proposition. For every s-SN-structure {(M,#) on a given Hausdorf
topological space X the extension (X*,a), defined in Section 3, is a strict Hausdorl
seguentially determined extension of X, ;

Proof. It follows by Corollary 3.13. that (X, a) is a strict Hausdorff compacth
deermined extension, We shall proof that (X*, a) is a sequentially determined
extension of X, Let Ee X*™ a(X), Then by Lemma 3. 1L it follows that every AeE is ar
infinite set. Let AeE and let €4 be an arbitrary basic neighbourhood of E. Ther
there exists BeE such that Usd{B). But by (3) and Lemma 3.2.(c) there exist:
A'CA such that UsdA'), Thus by (27) ANU is finite and hence a(A)~Qy i
finite. By (26) A is a countable set and this completes the poof,

In every Hausdorff topological space X there is a s-SN-structure defined by

(28) M = {ACX| A is countable and compact},

(29) HA) = {UCX|ACImt U} for every AeM.

This s-SN-structure on X will be called standard s-SN-structure on X.

Let (¥,q) be a sequentially determined extension of the Hausdorff space X\
Then the SN-structure induced on X by the standard s-SN-structure on ¥ will be
called standard s-SN-structure on X, determined by the extension (¥,¢).

4.3.Proposition. Let (Y,g) be a Hausdorff sequentially determined
extension of a ‘Hausdorff- space X. Then the s-SN-structure (M*, #) on X,
determined by (Y,qp), penerates (Y,q).

Proof. Follows casily from Proposition 3.19. .

4_4 . Proposition. Let (Y,¢) be a Hausdorff sequentially determined
extension of a Hausdorff space X. Let also (M*, &) be the s-SN-structure on X,
determined by (Y,q). If (X= ) is the standardly generated sequentially determined
extension of X by (M*, &), then there exists a continuous bijection A : ¥ — X,
such that AMg(X)) = alX). ) .

Proof. Follows directly from Proposition 3.20 and Proposition 4.3.

4.5 Proposition. Let X be a Hausdorfl twpological space, (Y,p) be a
strict Hausdorff sequentiallly determined extension of X" and (M*, &) be the 5-SN-
structure on X, determuned by (¥,q). If (M',@") is another s-SN-structure on X
generating (Y, @) then M'CM* and #(4) = #(A) for every AeM'.

Proof. Follows from Proposition 3.21.

The next theorem follows from Propositions 4.3., 4.4, and 4.5, \

4.6.Theorem. Any s-SN-structure on a given Hausdorff space X generates
{in a standard manner) a strict Hausdorff sequentially determined extension of X.
On the other hand, every strict Hausdorff sequentially determined extension of X
is generated by some s-SM-structure on X. Among the s-SN-structures on X,
generating a given strict Hausdorff sequentially determined extension (¥, ) of X,
there exists one (M*, #%) with the following property: if the s-SN-structure (M. &) on
X geterates (Y, o). then M' C M* and #A) = #*(A) for each AeM.

Let (M, be an s-SN-structure on a given Hausdorff space X. We cal! that
(M, # is a maximal 5-5N-structure on X if the following condition is satisfied:

(30 A countable set A in X belongs to M whenever there exists B € M such that for
every non-emply sel 8 C B, for which B~ B' is finite. and for every
U'e HB) the set AU is finite.
4.7.Poposition. Let X be a Hausdorff space, (M.#) be a maximal 5-8N-
structure on X, and let (X*,a) be the standardly determined extension of X by
(M, #). Then (M. &) conincides with the 5-SN-structure on X determined by (X*. a).
Proof. It follows by Propostion 4.5. that M'CM* and #(A)=8%A) lor everg}"
AeM’, We shall prove that M* C M’. We can assume that X C Y and @ : X—
11



is the identical embedding. Let AeM*. If A is finite, then by the maximality of
(M'. #) we have AcM’. Let A is an infinite set. Then A is a compact set and

A N (¥YX) is an only one point. Let y = A 1 (¥ X). Then there exists AeM’,
such that y = 8 N (Y~.X). It is obvious that for every B' C 8, such that A~ B is
finite, and for every UedB’) the set AU is finite. Then AeM’', and this
completes the proof.

The following result follows from Proposition 4.7

4.8.Theorem. There is a bijective mapping from the set of all maximal s-
SM-structures on a given Hauvsdorff space X to the set of all strict Hausdorff
sequentially determined extensions of X,

If X 15 a Hausdorif space, then the trivial extension of X is sequentially
determined. If (M, is an s-SN-structure on X, then we may ask if the standardly
generated extension of X by (M) is the trivial extension. The answer i5 given by
the following lemma:

4.9.Lemma. Let X be a Hausdorff space and (M.#) be an s-5N-structure
on A, Then the standardly determined extension (¥.q) of X is the trivial extension

if and only if for every AeM, A is a compact subsct of X.

Proof. It follows by Corollary 3.14.

4.10.Proposition. Let X be a regular space and (M.# be an s-
supemrciugy on X. The sequentially determined extension, generated by (M. &),
is regular if and only if (M, #) is strongly separated.

Proaf. Follows directly from Proposition 3.25.

The following result comes from Theorem 4.8 and Proposition 4.10.

4.11. Theorem. There is a bijection between the set of all s-supertopologies
on a given regular space X and the sct of all regular sequentially determined
extensions of X,

In the case of an s-SN-structure (M, @) on a Hausdorff s‘j:a-:e X, the topology
of the standardly determined extension X* can be modified in such a way that
X*~ X be discrete. Denote by (kX,a) the extension of X defined in this way (the
underlying sets of &X and X™ coincide). Clearly, (kX ,a) is a3 Hausdorff sequentially
determined extension of X, which is strict if and only if kXX is fimite. It is
obvious that kX can be used to describe all Hausdorfl sequentially determined
extensions (Y,p) of X such that ¥~ g(X) is discrete. In the same way, choosing
appropriate topologies on X* between X* and kX, we can describe all Hausdorff
sequentially determined extensions of X

The following example shows that this is not true for superiopologics,

4.12.Example. Let ¥ = |0,1] with the topology. induced by the real line.
and let A = |x)7.; be a sequence of positive rational numbers in Y. which
converges lo 0. We change the topology on ¥ in the fullowing manner @ for a
closed base in ¥ we take the set A and all closed sets in ¥, Now let X be the set of
all irational numbers in ¥ with the induced by ¥ topology. 1t is easily seen that the
standard b-SN-structure (s-SN-structure) on Y is not a hb-supertopology (s
supertopology). Clearly, Y is a Hausdorff sequentially determined extension of A
but it cannot be described by superiopologies.
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