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TOFOLOGICAL SPACES WITH MO COMPACTLY DETERMIMED EXTEMSIOHS

Ivan 5. Gotchev

The & spaces \nth no ED‘IEIEI‘.]? determined £7- ertensions are characterized
for %= LM t is proved that everv La, cloced space 1s compact.
Ezamples faiiull?telv J.u? closed spaces which are oot cospact are given.

An eztecsion ¥ of a topological space X 15 caled a coepactlv determined
extension 14 for everv point eEY\x there 15 Ko X such that yeE*'
asd MY i compact [3), Al cowpactly determned  P- extensione of 2 P
space for Pe 7, and &P T2 vere characterized by D.Dosthinov [3] and 1.5ctchey [4]
in terss of supertopologies. la this paper the 4P- spaces with no compactly determined

& - extensions are characterized for P= /Ly y Tpand Ty ., Aspace X
15 an Lidg '.lpir:l 1t every compact sesbspace aof X i1 [F!. Obviomsly
Tz': LM;C Ty - or P almg the  spaces with 0o cospactly  determined

%ltEnElﬂi :mmd_-. vith the absolutely  Laf,- closed =paces. Thiz fact wvas
n]:nrud bv D.Orkranyan and L.buali. & & space x 15 absolutely &P - clesed if
for every spar:ei.'EF and for every embedding 7 :x-= 2 there emist 3 space
Ye and two cnntmuﬁ ms}g Z-=y such that ffx) = (erH{x}- {.z)j
{see [11. [21 and [5)). —space X i5 - closed 1f X i closed
subspace in  everv 5" space 1n which 1t 1s embedded. In this paper also we vill shaw
that every LA/, lcsed space 1s compact. Ezamples ot absolately  LMp-closed spates
which are not compact are given, which answer a question of D.Dikranzan and E.Guili.

In this paper every topolegical space 1s 7T, and everv proximity &  in 3
topological space X will be compatible with the topology on X « fFor the
detimition of prozmity see [4).) Let us recal that 1n a space x  there ezist 2
proximity &  if and onlv 1 X 15 a completely rezular space,

Let x  be a topological space, a subset 4 of ¥  is & - clesed izee
LBY 1f dor every pount xeX\A there 15 a neighboorheod T4 of ac  such that
UNA=¢@ and A is & -closed 1f for everv closed set Fe X\ A there ¢
an open set U of x  suchthat FE U and UNA

Obviously, every @& '- closed suheet of ¥ iz @ - closed and everv @ clossd
subset of X 15 closed. [f X is regolar then everv closed set 1n X 15 & -closad
and if x is normal then every closed set in ¥ 15 &% closed.

let Ac x ind § beaprozimity in A , we say that A 1z d-rplaced in

£ it for every pair B,8c A sach that 8¢ there are diepoint ppen s2ts
U and V in X vith Bcu amd CcvV.

It is clear that if A  is J-placed 12 X then A 123 coecletel

regolar space and if X 15 a Hagsdoréd space bhen every coepast smhset B of ¥ s
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& -closed and & -placed 1n x  , where & 1 the stapdared prozimity 1n B

lsee [4]),

A subset A of ¥ 15 compactly related to x 1s the elemente of every +fi1lter of
clesed sets on XVA  which has emptv intersection intersect A .

Let X and ¥ be topological spaces, 4 E‘E a closed et 1np ¥ and £ 4 =Y Fea
napping. Then the adjunction spacex U,y lsee 4 )} vill be denoted by xUp¥Y 1n the rase
AcY and FiA - is the rdentical embedding,

Lemn2 1, Let A be aclosed set inx amd A be a2 T, - compactifrcetion of A
Then X 15 compactly related to A if and only if X U, 64  is cowract,

Froof, let x be compactly related to 4 and let Yexu,8A. Ve prove that ¥ is
compact, Let & bBe an ultrafilter of closed sets co ¥ . If there esiste Fef  =unt
that FNX = @  then Fc A . Moreover A 15 2 closed set inX . hence B4 15 3
closed =st 1n ¥ , Since 64 15 compact and Fc BA  then F has a cluster pe:nt ip 44
amd sonY . Let now for every FEF L FlX¢ @ . Thend -{Fﬁx |FeF| 15
ultratilter of closed sets 1n X . If there emsts F €%  such that EAX\A* = @
then FCAcHA  and theretore F, has cluster paunts in §A4 a0 hense & has
cluster points 1n Y . If every Fed meets X\ 475 U!Ea%:{ﬁ.ﬂx‘i##|ﬁ£.ﬂ}
1s an ultradilter of closed sets 10 XUAY . Soppose there exicts Fped, suth that

anﬂ=¢. Since x 15 2 compactly related o 4 ther &  and mopseqrent!ly alen
F has cluster points 1nY I¥ tor every €T, FoNA# P thenﬁ:{rrmjﬁ_,e:;'ﬂj 15

an ultratilter o+ closed sets 4 . Then F5 and alea &  has cluster pointe :n
A and hence in Y . Therefcre ¥ is compact,

Now let¥Y=xu, 44  be compact, Yo will grove that 1s compastly related 4o 4

let & be an ultrafilter of closed sets 1n XNA* and szenme that & has mo

cluster puints, The space ¥ is compact, beoce the filter F'={FY | FEF } hac 2
cluster paunt & in ¥ , Sioce X is not a cluster pount of & thenxcdx . Bence

xeylx . :

Let us assume that there exictz a cloced set FEF caththat FNA=¢ . Th;
x\F s anopen set in X and Fex\A4 .Thus SAUMCNF) 15 an aren ne1ghtourhesd of
o in Y and FA(BAU\F))=¢ . Thereiore ac@ FY and hesre & s 2% 3 cluster
point of &'  a comtraduction. So for everv Fe'F ve have FNA+# @ . This means that
X is compactly related to 4

Corollary. Let A be a compact subspare of X . Then X  is compact!v related
to A . 1fandenly 14 X 1s compact.

Lemma 2. Let x  he a Hausdortf <cpace. 4 be aclosed ce* of ¥, § he a3
prozimity in A and JA  Ye the rompactification of A related to & feee [4] ),
Then XUa6A  is a Hausdortt space 1f and only 1f A 15 &- closed apd & plazad
in X .
Proot, Let Y=xu,64 be a Hascdortf space. We shall prove that A is §
placed in X . LetB LA and BFL ., It 15 gasily seen that BJSC  1f and only if
BNC=¢5 . The space §A 1s Havsdortf and coepact, so there exist oren setz o and

V in ¥ such that Bou,f%cv amdunv=¢ .S ifu=unx =dviyng

thenAc ) PV anduNV'=¢p . This A 1= §- placed in X . Let novaey) 44

Since 6A is coepact and ¥ 15 3 Rausdor#d space, there exist open sets 4 and

N in Y swhxeu. fAcvy md unv=g . The U'NbA=¢ and hancs

uha=g. _ _ %

Since W NX=U" then T Y ie acloeed sot in X . Therefore 4 = &
vlosed in ¥

Now let A be B- clozed and F-placed 10 X , We will prove tha

Y=xU, 84 153 Hausdort4 space. Letaex\=y\fA and LEX\A | The space X\A s
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open 10 Y and X ie a Hawsdortf space, so there exist disjoint ooen sets U and
¥ m Y suchthat x,els and XV .

Now let mgeﬁﬁ . Since A 152 &-rclosed set 10 X then there pxict oren
sets W and V oin X such that el Acy . adUnNveg . Heoce FW=vufA
then W 15 an open nerghbowrhood of 1:2 in ¥. U 15 an open cerghbowrhond of 2, 10
y  and UNW=g. Let nov y 2 €04 « Since §4 15 2 closed Eau'durn Subspace 1
Y p _there ‘exist open sets 7/ and Ly 12 84 such that i, nu =@ . Let
Fi= urn,.q-u fnxand nguﬂnjtu’hxtlurlgFﬁF Ginee 4 15 A- pta“-{? in X
then there enst open  sets uf amd o 10 X soch that FCU,, th::u and
'i‘_:_'ﬂﬂ =¢b . On the other hand there exist open sets Lt', and ::‘.{ X such that
UnA=1,nA and U A= NA Thas 1f V,=U u(u,nu"; and vr.uzu(ugnu ) Jthen Vy
and V ire disjoint apen sets in Y such thata:,ELq MAX,€ 1 Theretors Y 1s a
Hansdor#f space.

The fnilumng Tesma could be proved in the sawe way as the above lemms,

Lemwa I, Let X be a regular space, A be a closed set 1a X, 8  be a proximity
in A and 54 be the compactif:cation ot A , related to & .

TlﬁnXUAﬁA 15 a regular space if and caly 14 A 15 & - clesed and §
placed in X .

Theores 1, Let x be an LM,-space. Them X has no compacity determined LA/
extension if and only i everv subset A of X  which satisfies the followving two
conditicns 15 compact.

i) Every compactlv related to 4 subset of X is a Hausdortf space,

1i) There exist aprommty § in A suchthat 4 is &~ closed and &
placed in every conpactiy related to A sabset of X

Proof. Let us assume that there exrsts compactiv determined LMy-extension Y of

X and ¥ X . ¥e may assume vithout loss of genzrahty that there enstt a clased sat
A X suichthat 37 15 compact and Y=xudY . We shall prove that A
satisties the conditions 1) ind 1l LetZe X be compactly related to 4 . Then AEZ
andAwill be a closed set 1o X . FurthermoreZ (J, A ¥ mll be hoseonorphic toZUAY
By Llemss 1| we know that Zuj, A‘-" is compact, Thes ZUAY is a corpart subspacs ot
Y . Swmee ¥ is Ly then EUAV 15 a Havsdorft space and hence Z is @ Hmadarff
space. If & _ iz the prozimity of A induced by the ctandard promimtr &' of the
compact space A Y then A wvill he &-closed and & placed in Z by Lewma 2.
Theretore A  satisfies the cooditions 1) and 1) bat A is oot compact - a
contradiction.

Nov assume that there exists AC X sych that the ceeditions 1) and 11) are
satisfied and A4 is not a compact space. Eince A4 1s compactlv related o A ii)
yields that 4 is 2 rompactly regular cpace. Forthermore 1f cceX  them AU{#I is
compactly related to 4 and by 1) A 15 & -closed 1n AU{oc} . Hence 15
closed set in X , Let & be the promimity 10 A which satisfies 1i) and Jet B4  be
the compactification of A related to § . Set Y=xu,fBA , clerly Y 1sa
i:l:lllfactiv determined extension of Y . We will rrove that ¥ s an’ LMy - epace. Let
Zc¥, b a compact subspace. Hlthaut loss of gensrality Ve W3y 3ssume that
acz' . FarZ=ZNX the soace ZUas A is howeomorphic to 2’ « By Lenwa | and
by the cenpactneis of ZUL6A it tallovs that 2 15 compactly re]ited ta A . but
by 1) Z  is a Hausdorff space and by Lewsa 2 7' is a Hansdorif SpacE,

The above result 1s in fact a chatacterization of the absolutely Lidy-rlozed
Epaces,

Theorem 2, A Havsdorff space X  has no Haosdoréf compactly determined extensions
if and coly if every &-closed and & - placed schset of X 15 compact.
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Proot. Follows by Lemma 2,

Theorem I, A regular space X  has oo regular coepactly detersined extensions 1
and only if evervy &- closed and 4- placed subset of X 1s compact,

Proot. Fallows bv Lemma 1.

Now we will show that every Lifp-closed space 15 compact.

Lessa 4. Let o be 2 nom 1solated point tor a topoicgical spaceXlf & has no
compact neighbourhood 1m X thes X  is not anm
*'-”2 - closed =pace.

Proot, Let os assume that for some non isolated poant ocex there 1= no oren set

Y mm X such that €2 and ¢ 15 compact. Ve consider the space Y:XU{{,P}
where yg’x with the following topology: {y] is a closed set and for a lhaze ot
neighbourhoods of {y]  ve take the family {t/]u=(V{F)U{y]} . vhere V 15 an open
set inX, xey and F 15 a compact set 10 X . It is easily ceen that it 1: 2
topology on ¥ . We will prove that ¥ is an LMy space. let AcY and 4 e a
compact subspace. [f ¢ A then Acx and A  is Hausdortf compact. Mov let yed .
then {axfu A 1s coepact. 14 U and 1%, are the filters of neighbourhonds of o
ad y~ o Y then for every weth we have UU{yfEUy . This
F=({xjua)\ {y} 15 a compact space in X ~and hemce F is a closed set m X |,
Thus there exists a neighbourhood W of 2 in X  swch that UNF£ @ . Theretore
W={yJU(U\F)is a neighbourhood of & 10 Y avoiding F , hence t is an 1solated
pornt 10 A . Thos Y is an LM,y - extession ot X, thes X isnot an Ly
closed space.

Lemma 5. Let X be an LMy-space, If every poiot 1n X has a compact
neighhourhood in X them X 15 a Hausdoréd space.

Proof. It 1s obvions,

Theorem 4, An  LMo-space X is LMj-closed if and omly 1f X  is a
compact Hausdortt space.

Proof. 1t is obvicus that if X is a compact Massdortf cpace then X 15 an

LMj-rclosed space. How let X  be an LM, closed space. By Lewma 4 it follows that
every poiot LEX has an open neighbourhood with compact closure, Thos by Lemma S

X 1= 3 locally compact Havsdortf space. Therefore X s a completelv regular space
and by t osedness, X 1s a compact,

The +following example shovs that there erists an absolutely LMg-rlosed space
which 15 not compact.

Example. Let X=[0,1] and T e the useal torelogy on X . Let T, be the
coarsest topology on X  such that TeT, and {92 . is a closed set in T,
Then (x.-r,? is LM,-closed bat it is not even countablv cospact.

Proot. The absolute  LA4p- closedness of (X, T,) wmay be proved by means of
Theorem |. Obviously X is not rountably cospact.

Other examples of LAy spaces which have no compactlv determined estensions and
vhich are not Hagsdortf compact may be obtained from the following result which we give
withoet proot.

Theorem 5. Let X be a first countable compact Rawsdorff space and there are
tvo dense, digjoint sets D, and I, soch that DLUD,=x Let 7, e the coarsest
topology oo X such that Tc7T, andD,eT, Then (X,T,) is absolutely Z44, -
closed.

The aothor thanks D.Dikranjan tor his valuable suggestions and escouragement,
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TORDAOTHHER MPOCTPABCTEL HEDFHTERABARM KCMIEKTAOD DFEDEVEEH FAZIHPEREZ

Mean Cr. Toues

Tapacrepnzmpase £2 L DPOCTPANCTEET, HSOPETENIBANE FKONTALTED OOTENEnaqn
paseepenns 33 P= L M,.Tw T3 .Dorazang e, we 873¢0 LMo - 33TECPEMO DPICTPARTTED €
pormartao. [ocoveem ca DpmMEpE 3 aSconeTHED LI{E-ZiTiﬂEEII EPOCTPARCTEA, ECOTO He Ca
EOMNALTRN,
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